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GIO'1 THIEU CHUNG

D& chuin bi tdt cho ky thi vao 1¢p 10 THPT sdp t&i nhat 1a nhitng cau

“diém 10”, cdc em chii y mot s§ dang toan nhdm phan loai hoc sinh nhu: bat
dang thirc, phwong trinh vo ti, c — Hinh, ... D& b6 tro thém kién thirc, tac gia
da bién soan cuén sach “Bi QUYET GIANH PIEM TUYET POI MON TOAN”. Tai
liéu dwoc viét ti mi, cong phu, trinh bay chi ti€t phwong phap tw duy gitp
gidi quyét van dé cling nhw cach ti€p can mot bai toadn theo nhiéu hwéng
khac nhau sao cho phu hop véi kha nang ctua tirng hoc sinh, dac biét bam sat
Chwong trinh sach gido khoa méi. Cudn sach véi 8 phan chinh, bao gom:

Phén I ©’> Phwong phap chirng minh bt dang thirc

Phan II > Phwong phap tim gia tri nho nhat, gia tri 16'n nhat

PhanIll & Heé thirc Viéte va irng dung

PhanIV > Phwong trinh, hé phwong trinh

PhanV > Hinh hoc

PhanVI = Toan thwcté

Phan VII

!

"~ M@t sd yéu td thong ké va xac suat
Phan VIII > Cin tacvo uu

Nhin chung viéc 6n luyén nén dwoc 1én ké hoach mot cach cu thé dé tranh
viéc hoc léch. Muén dat diém cao cac em can c6 chién lwoc ré rang khi thi.
T4p théi quen doc lwét toan bd cac ciu hoi khi nhan dé thi dé nhin dang
cling nhw danh gia do kho cua cac bai toan. T dé xac dinh xem cau nao c6
thé lam dwoc ngay, cdu nao can nhiéu thoi gian, ... roi phan chia lam ciu nao
trwdrc, cau nao sau.

Nhé nguyén tic 3K: Lam dén dau Kiém tra dén do, xong 1 bai phai Kiém tra
va trude khi ndp bai cin Kiém tra. Thi sinh ciing nén cé 1 t& gidy nho ghi lai
trang thai cAc phan: di lam dworc, chwa lam, chwa hoan thanh, cin xem lai, ...
d€ tranh lam thiéu bai thi.

BI QUYET GIANH PIEM TUYET POI MON TOAN 3 )



NHU’'NG PIEU HOC SINH CAN LUU Y
TRONG KY THI VAO LO'P 10 THPT - MON TOAN

Bai thi mon Toan thwong gép phan rat loén quyét dinh dén két qua

cda ky thi. Vi thé, hoc sinh cin gitr cho minh tinh than thait thodi mai, tw tin
valwuy:
1. Truwdce khi thi it nhit 15 ngay phai ngu nghi ding gio d€ 1ay lai gio giac
sinh hoc chuan. Trwéc ngay thi c6 khoang nghi ngoi tir 1 dén 2 ngay, khong
hoc thém kién thitrc méi hay luyén dé gi nira. Han ché choi nhitng mén thé
thao c6 tinh d6i khang cao.

2. An udng du chat, diéu do va khong dn udng linh tinh: d6 lanh, cay, néng, ...
gdy anh hwdng dén hé tiéu hoa.

3. Di thi sém hon 15 dén 30 phit mdi budi thi. Néu c6 diéu kién thi nho bd
me, ngwoi thin dwa dén tham quan dia diém thi trwéc vai ba ngay dé nhin

ngam xung quanh tao cdm giac thin quen nhw dang thi & treong minh.

4. Trwére khi vao phong thi ghi nhé s6 bao danh, tro chuyén vui vé véi ban bé
dé gidi toa ap luc. TAm ly hoi hop 1a khong thé tranh khoi. Cac em nén hit thé
siu, hit vao 6 gidy va thé ra 6 gidy cham dé cung cip oxy 1én ndo nhiéu hon.
5. Mang du d6 dung hoc tip: thwée ké, compa, eke, thwére do do, but chi, tay,
but viét (khodng 3 chiéc va chung da dwoc dung 2-3 1an truéc do dé€ chic
chan khong bi héng hay tic mwc), may tinh loai khéng cé thé nhé, khong cé
chitc nidng soan thdo vin ban va két ndi internet (mang thém 1 may duw
phong néu co).

6. Doc ki dé bai (vai ba lwot) dé nh¢ lai dang bai, gach chin nhitng y la,
nhitng cAu nhiéu yéu ciu. Bai dé 1am trudc, kho 1am sau. Bai nhiéu diém phai
lam chi tiét, ti mi. Bai kho, it diém 1am ngan gon. Néu dung kién thic bén
ngoai sach gido khoa thi tot nhat 1a nén chirng minh lai.

7. Cac bai tinh toan luén nhé dung may tinh kiém tra lai két qua (khéng
dwoc chd quan). Thay két qua khong dwoc dep, biéu thirc sau khi bién d6i

qua cong kénh phirc tap thi xem lai cich lam tir ddu xem c6 sai & diu khong.
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bat chi muc cac phan da lam dwoc, chwa lam, chwa hoan thanh, can xem lai,
... d€ tranh bo sét. Lam can than tirng buwdc, kiém tra diing méi lam tiép.

8. Bai thdng ké va xac suit: thuwong khdng khd, hoc sinh cAn ndm virng céng
thirc va tinh toén can trong.

9. Bai rut gon khong dwoc quén ké ddu phan thirc. Khi lam y (c) chua y dat
thém diéu kién th& cap (néu can), so lai cac gia tri x tim dwoc védi diéu kién
bai toan dé loai bo néu vi pham.

10. Bai giai bai toan bang cach 1ap phwong trinh, hé phwong trinh: khong
l1am tit buéc "biéu dién cac dai lwong". Nhé ghi don vi tirng dai lwong dwoc
biéu dién va diéu kién khi ndo 13 s8 thwc dwong, khi nao 1a sd nguyén dwong.
Khi tim dwgc nghiém nhé so sanh véi diéu kién dé dwa ra két luian phu hop.
11. Bai do thi hodc phwong trinh bic hai: khong dwoc quén diéu kién dé
phwong trinh c6 nghiém. V&i cic bai todn bat doi xirng, phitc tap thi hiay dé y
dén hé qua cda dinh ly Viete, biét thirc chinh phwong, phan tich da thic hai
bién thanh nhén tk... d€ tim m&i lién hé gitra cdc nghiém.

12. Bai hinh hoc trwc quan: thudc céng thirc tinh cac dai lwgng dé ap dung
vao thuc té. Chi thay gia tri cia s6 "m" vao bwdc cudi dé tranh 1am tron sé
nhiéu lan.

13. Bai hinh phang:

* V& hinh vao nhép trwdc roéi tir d6 cdn chinh va vé vao bai thi dé ddm bao
dwong thang khong cit vao ky hiéu diém, hinh khéng vwot ra ngoai to gidy
thi. Nén v& hinh & trang cu6i t& thit nhit cho dé 1am bai. Chi dung compa chi
vé duong tron.

* Khong ky hiéu qua réi trén hinh (néu can dung hinh ngoai nhap).

* Chi dung két qua ciu trén dé lam ciu dwdi, khong lam nguwoc lai. Néu
khéng lam dworc cAu truéce thi van dwoc ding két qua cau dé dé 1am cau tiép
theo.

+ Trong trweong hop hinh chwa tot hay bi lem, hoc sinh c6 thé vé thém mot
hinh sach dep hon sau khi lam xong vao cudi bai thi.
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14. Bai phan loai hoc sinh: truéc tién ¢ ging dw doan di€ém roi hodc nghiém
co ban cia phwong trinh, hé phwong trinh dé tir d6 co6 can c bién déi.

15. Tuyét d6i khéng dé tréng trang dau cic to gidy thi. Lam ngay tir dong
dAu tién moi trang gidy thi. Khoéng trang tri, ghi cac ky tw dic biét vao bai thi.
Nhé ghi day da phan phach, so to gidy lam bai.

Gan day todn thwc té xult hién twong déi nhiéu trong cac dé thi. Hoc
sinh mudn hoc tét todn thwc té thi trwdc tién phai ndm virng kién thirc co
ban trong sach gido khoa. Tiép dé 1a phai phan loai dwgc cdu dé roi vao dang
nao va khi di xac dinh dwoc dang roi thi c6 mot nguyén tac d€ giai la chuyén
tir bai todn thuc té sang md hinh toan hoc. Pay la thao tic quan trong va
cling rat kho, doi hoi hoc sinh phai c6 nhitng trai nghiém, hiéu dwgc ngdn
ngit cudc séng thwdng nhat, doc nhiéu tai liéu, lam nhiéu dé dé tich liy kinh
nghiém.

Dic biét cin tudn thh nguyén tac "Khéng ddi 9,0 diém ldy 1,0 diém
Todn". Khéng tham bai 0,5 diém (nhw ¢ — Hinh hay bai cudi) mat nhiéu thoi
gian ma bé bai dé nhung nhiéu diém. Can thdi gian hop 1y d€ 1am bai, bai
nao khé qua suy nghi trong khoang 10 phat chwa ra giai phap thi chuyén bai

khéc va ddnh diu dé quay lai sau.
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CHIA SE CUNG QUY PHU HUYNH VA CAC EM HOC SINH

Trong sudt qua trinh hoc, nghién cru va giang day tac gia di nhin
dwoc rat nhiéu ciu héi nhung cé 1é “Hoc toan dé lam gi?” khéng chi la cia
hoc sinh, sinh vién ma tham chi ngay ca nhirng ngu¢i truede day tirng hoc,
thim chi hoc rat gioi vé bd6 mon nay ciing dit ra. Pay l1a diéu nghich ly va
cling lam cho tac gia suy nghi nhat vé cai “sw hoc” & doi. Gido sw Ta Quang
Btru tirng noi: “Chi c6 cach nhin thién cin méi khéng thay dwoc vai tro cla
toan hoc”. Nhin viéc bién soan cudn sach, cling xin mao mudi chia sé doi

diéu véi ban doc gan xa.
: OC g

Toan hoc hay cic mon khoa hoc khac ké ca khoa hoc tw nhién, khoa
hoc xd hoi da dwoc dwa vao trong nha trweong dé day cho hoc sinh déu co y
nghia nhat dinh, giup cho cac em hiéu biét dwgc c6i nguon dan tdc, tirng
budc hiéu dwgce nhirng sw vat, hién twong xung quanh cling nhw lich st phat
trién ctia nhan loai. Xa hdi cang phat trién, con ngwdi cang phai van dong,
cang phai trang bi nhiéu kién thirc d€ phu hop xu thé chung va khong bi bo

lai phia sau.

Tri tué hay con goi la kha nang tw duy, sang tao tir lau da dworc coi la
tai san Ién nhat cia con nguwoi. Hoc toan hay bat ¢t b6 mén nao khong nhat
thiét cic em lén 1én phai lam ddng linh vuc dé, sdng bang nghé dé. Hoc
chinh 1a dé€ cho b6 ndo dwoc tbi rén, phat trién tw duy, suy nghi mach lac va
khoa hoc. Mai sau nay trong cudc séng khi gdp nhirng vin dé thwc té thi hi
vong rang béi sw rén luyén véi bao khé khidn gian khé Ay chuing ta cé thé tim
ra gidi phap phu hop, t6i wu cho céng viéc. Cling nhw moét cai ciy, trong qua
trinh sinh trudng, phét trién trai qua bao ning muwa dai dau, vugt qua bao
sOi da chong gai bAm ré siu vao long dit thi sau nay du gip bio tap phong
ba, han han lut 16i van du stec dirng virng, dom hoa két trai mang lai qua ngot
cho doi. Pay 1a muc tiéu 1én nhat ctia day va hoc toan pho thong.

Hoc chinh 14 qua trinh tw rén luyén, tu dwdng ban thin dé tredng thanh hon.
Chit "nhan" kia viét ra don gian nhwng mudn lam “ngudi” lai kho vo cung,

. 8
vdy nén can “hoc lam nguwdi trwde khi lam viéc”. Tac gid c6 mdt may man

dwoc tiép xic véi toan hoc tir rat sém, khi ngbi trén ghé nha trwong da trai
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qua nhiéu cudc thi l1én nho, that bai c6 - thanh cdng c6 va sau nay theo hoc
tai Khoa Toan &ng dung ctia Pai hoc Bach khoa Ha Noi. O diy, ching toi
ngoai Toan ra con dwgc hoc rat nhiéu mdn khoa hoc khic nhw Vit 1y, Héa
hoc, Co hoc, Nhiét hoc, Pién tt, Tin hoc, ... d6 1a khoang thoi gian vo cung bo
ich, y nghia, gitp sinh vién ti€p cin dwoc véi lwgng kién thirc khéng 16 cia
nén vian minh nhan loai va néu cho chon lai, toi cling van sé chon noi nay!

La mdt ngwdi lam toan va chon Toan (rng dung nén moi thi d6i véi
tdi déu rat khoa hoc, thwc té. Khi lan dau tiép xdc v&i hoc sinh, buéc vao 16p
khong phai dit ra mét bai toan that kho vai 1o gidi, ky hiéu phirc tap dé cac
em “mat chir A miéng chir 0” diy than phuc. Viéc day khong han bat ddu nhw
thé, khong phai bang viéc cung cip ngay cho hoc sinh nhitng diéu minh cé
ma don gian 1a hoi xem hoc sinh cdm nhin vé mén hoc nay thé nao, ¢6 kho
khdn gi trong qua trinh hoc tip, nghién ciru hay khéng? Ttr d6 tim hiéu siu
hon vé nang lwc, nguyén vong tirng ban, tirng nhém hoc sinh... kip thoi bo
sung nhirng choé con thiéu hay gitp cdc em phat trién hon nita vao tirng thoi
diém, giai doan thich hgp. Ngoai ra, gido vién ciing nén cung cip thong tin
cho hoc sinh vé nhitng &ng dung thwc té, nhitng thanh twu né mang lai cho
doi séng con ngudi, k€ veé lich st phat trién, vé nhitng tim gwong ngudi thit
viéc that, doi khi ca nhirng thach thirc, nhitng bai toan thién nién ky con
dang d¢& va dang cho doi loi gidi dap tir cac nha toan hoc twong lai. Nha Vat
ly doat gidi Nobel Richard Feynman (1918-1988) da néi rang: “Hoc sinh
khéng ctin mét gido vién hoan hdo. Hoc sinh cdn mét gido vién vui vé, ngwoi sé
khién cdc em hao hirng dén trwong va nudi dwéng niém yéu thich hoc tdp”.
Gido vién can phai giai thich n6i dung bai hoc mé&i mé véi hoc sinh bang cach
dién dat don gian va dé hiéu nhit. Néu hoc sinh khong hiéu thi cin phai tiép
tuc gidng day bang moi cach cho dén khi hoc sinh ¢4 thé hiéu dwoc hoan
toan. Thay c6 khong chi dirng trén buc gidng ma hay di cung nhw ngwdi ban
dong hanh trén con dwong trwdng thanh, phat trién cta cac em.

Mdi nguwoi sinh ra déu c6 mit manh, yéu khac nhau. Nhirng thién tai
nhu Johann Carl Friedrich GauR, Evariste Galois, Wolfgang Amadeus Mozart,
... thwong rat it, nhwng néu chi can nhin thiy mot tia sing, mot ngudén nang

lwong tich cuc, t8 chit Toan hoc thi bang cach nao do, thay c6 sé gan duc

BI QUYET GIANH PIEM TUYET DOl MON TOAN 9



khoi trong, boi va dudng (moi ngay boi mot chut) két hop véi y chi, sw chdm
chi, ciu tién cta hoc sinh, sinh vién thi it sé dy, sé thanh. Néu day ma hoc
sinh khong tién b0 thi trach nhiém diu tién thudc vé nguoi thiy béi phwong
phap truyén dat chwa pht hop véi hoc sinh d6 va can c6 suw thay ddi. Mot
diéu quan trong nira la con cia ban phai dwoc hoc nhitng thiy c6 gioi nhat,
ti€p xtic véi nhitng nha khoa hoc hang dau, nhirng ngwoi c6 tam nhin, kién
thirc 16i lac. O gan nhitng con ngudi dy, cac em sé dwoc nudi dudng wéc mo,
khat vong, hoai bdo I&n dwa chinh ban thin vwon 1én tim cao méi. P6i khi
hoc sinh khong nén chi tap trung giai toan theo phwong phap da dwoc day,
ma hay nghi minh mé&i la ngwoi thay, ngwoi c6 tot nhat cua ban than. Hay tw
minh thip sang nhiét huyét, khat vong hoc hdi, con thiy co 1a nhitng nguoi
cam dudc soi dwong.

Toan khéng xa roi thwe té nhw nhiéu ngwoi lam twdng. Sé khong qua

néu ndi rang: Mdi ching ta déu dang séng trong mot thé gi¢i dwoc van hanh
bé&i Toan hoc, né 1a don bay ctia phat minh. Nhitng nguwdi lam toan luén la
nhirng ngudi di tién phong ném mat nam gai, m& dwong, lam nén moéng, co
s& vitng chic cho cac linh viyc khac phat trién. Khi nhirng bong hoa dé khoe
sac thi Toan hoc lai mot lAn nira quay tré lai vun vén, trau chudt, mo ta két
qua bang nhitng con s4, tinh todn cu thé dé cong trinh 4y dwoc dwa vao phuc
vu cudc song.
Toan hoc chinh Ia tw duy, 1a tdm nhin. Néu tw duy t6t, tdm nhin khéng han
hep, ban c6 thé 1am bit ct thit gi ban mudn. ¢ moét khia canh nao d6, hay
don gidn coi Todn hoc nhw 1a mot trong nhitng mon thé thao cwdong db cao
d€ rén luyén sirc khoe va khi c6 stec khde tot roi thi lam viéc gi cling dworc.

Hi vong cudn sach sé gitip cac em hoc sinh luyén tap, rén gitia thit tot
dé dat két qua cao trong cac ky thi hoc sinh giéi cac cip va db dat vao nhirng
ngoi tredng trung hoc phd thong mo wéc.

Mic du da rat ¢ gang nhwng trong qua trinh bién soan c6 thé con nhirng
khiém khuyét, rat mong nhin dwoc sw gop y cua doc gia.

Tran trong,
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BAT PANG THUC
PINH NGHIA VA TiNH CHAT

I. Pinh nghia

Hé thirc dang A < B (hay A < B, A > B, A > B) dwoc goi 1a bat ding thirc. Khi
dé A la vé trai, B 1a vé phai.

Néu A > B hodc A < B thi d6 1a nhirng bat dang thirc thuc sw.

Ta thira nhan cac khiang dinh sau:

1.NéuA>BthiA—B>0.Nguwoclai,nfu A—B>0thiA>B.
2.NéuA=BthiA—B=0.Ngwogclai,néu A—B=0thi A>B.
3.Néu A <Bthi A — B <0.Nguwegclai,néu A—B<0thi A<B.
4,NéuA<BthiA—B<0.Nguwogclai,néu A—B<0thi A<B.

Nhw vay bat dang thirc c¢é 2 chidu. Thuc t& ngudi ta c6 thé van dung truc tiép
nhirng khang dinh nay dé chirng minh va xu thé chung trong cic dé thi hién
nay la khuyén khich hoc sinh st dung gidi phap nhw vay, tranh dung nhiing
bat dang thirc khong cé trong chwong trinh gidng day théng thwong. Trudng
hop st dung nhirng bat dang thirc ngoai sach gido khoa, néu cé thé cac ban
nén chirng minh lai.

II. Tinh chit co ban cta bat dang thikc

1.Néua=bvab =cthiazc (tinh chit bac ciu).

2.Néu a = b thi: ma = mb néum > 0vama<mbnéum«<0.
3.Néuazbvac=dthia+c=b +d.

4, Néuazbvac<sdthia—cz=b—d.

5.Néua=b=0vac=>d=0thiac=hbd.

5 ; . b
6.Neuazb20vac2d>0th1% 2
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Phian I. PHWONG PHAP CH’NG MINH
BAT PANG THUC

Chuyén dé nay sé gi¢i thiéu dén ban doc cac phwong phap chirng
minh bat dang thirc tir don gidn dén phitc tap nhu: chirng minh truc tiép,
gian tiép, ky thuit tao tich, hé s6 bat dinh, phwong phap dén bién, khai trién
Abel, ... Mdi phwong phap sé twong ing véi mot s6 bai toan cu thé 1am vi dy,
tuy nhién muc dich ma cuén sach muon hwéng dén la phan tich va mang t&i
cho cac em tu twéng, xac dinh hwdng di treéc mot van dé can giai quyét. Bén
canh d6 tac gid c6 gang tim ra nhiéu cach giai khac nhau, nhiéu cach tiép can
khac nhau dé gidp cac em nhin thiu bai toan tlr nhiéu phwong dién. V&i cac
em hoc sinh, néu hoc siu dwgc nhw thé rat hitu ich béi trong tay c6 nhiéu
cbng cu, gidi phap thi khi gap cac bai toan mai, co hoi d€ ban gidi quyét dwoc

chung sé 1&n hon.

Bai toan 1.1. Cho x, y 1a cic s6 thwc dwong théa mén:

11

2x(x +y) + y(y + 4) = 17. Chirng minh ring;: S =§+§+§z -

Phan tich hwéng giai va binh luan:
b6i véi cac bai toan cé diéu kién dau vao phirc tap, quan trong nhit la cac

em biét cach khai thac gia thi€t dau vao sao cho hgp ly. Ta phan tich:
2x(x+y) +y(y + 4) = 2x? + 2xy + y2 + 4y
=(x*+y*+4+2xy+4x+4y) + (x* —4x+4) — 8

= (x+y+2)?+ (x— 2)? — 8. Khi dé:

Khido: 2x(x+y) +y(y+4) =17
>x+y+2)2+(x-2)2-8=17
=>(x+y+2)2=25-(x—2)%

Vi(x—2)220nén (x+y+2)?=25—(x—2)% <25.
Suyra:—=5<x+y+2<S5hay—-7<x+y<3.

Bi QUYET GIANH PIEM TUYET POI MON TOAN 21|



Két hop véi x, y > 0 ta dwoc 0 < x + y < 3. Pén diy hoc sinh thwong nghi téi
viéc 4p dung bat ding thirc Cauchy, tuy nhién viéc phan tich S nhw thé nao
dé dam bao diéu kién ton tai diu dang thirc lai khong dé.

Kinh nghiém cho thdy: Trong cac bién d&i hoc sinh nén gitr nguyén cac biéu
thirc chita bién & mau néu cé thé hoic han ché dén mirc t6i ta viéc thay déi
chung. Tt cach bién ddi dan dén x + y < 3, dw doan diu dang thirc xay ra
(con goi 1a diém roi) khi x = 2; y = 1 nén ta sé di tim cac hang s6 o, B dé tai x
=2vay=1thi:

Muc dich 1 d& sau d6 st dung bét déing thirc AM-GM véi céc cap 2va ax;

1 N\ & 2 X x 2 » 2 2 ~ « Jrd . i
- va By nham khtr mau nhwng van phai dam bao dau “=" xay ra tai dung

]

x = 2; y = 1. Phén thira thiéu con lai at sé phu hop v&i didu kién bai toan, hoc
sinh khdng phai lo 1ang diéu nay vi d6 1a nhiém vu cia ngwdi ra dé thi.
Véi «, B tim dwgc nhw trén dinh hwéng cho cac em cach phan tach va giai bai

todn nhw sau:

S_S

X

= (i) +(CHy) - 1+

Theo bat dang thirc Cauchy:

3 3x 3 3x .1 -
;‘l‘:ZZ ’;'Z—3V35+y22 ’ -y—2.

Két hop véix + y < 3 ta dwoc:

<

S=(z+%)+(§+y)— “(x+y)z3+2-2-3=="
3 3x
x4
Diu “=" xay ra khi: lzy
y
x+y=3

Gidi hé phwong trinh nay ta dwoc: x = 2; y = 1. Bai toan dwoc chirng minh.
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Ngoai viéc khai thdc diéu kién ban ddu bdng cdch st dung hdng ddng thikc
nhuw trén, hoc sinh ciing cé thé bién déi va sir dung BDT Bunhiacopxki:
2x(x+y)+y(y+4) =17

2x% + 2xy + y* + 4y = 17.

Nhan ca hai vé véi 2 ta duoc:

4x?% + 4xy + 2y% + 8y = 34

4x% + 4xy + y?> + y?> + 8y + 16 = 50

(2x +y)? + (y + 4)? = 50.

Theo bt dang thirc Bunhiacopxki thi:

[(2x + Y+ + D <2[2x+y)* + (v + D
(2x+2y+4)2<100>-10<2x+2y+4<10=>-7<x+y<3.
Kéthopvéix,y>0tadwoc0<x+y<3.

Nhuw thé cé thé thdy rdng: Viéc “dw doan diém roi” vo cling quan trong trong
viéc chirng minh bit dang thirc hay tim GTNN - GTLN, ké ca gidi mot s6
phwong trinh, hé phwong trinh khé sau nay. N6 nhw mét soi didy mong
nhwng hién hiru xuyén suét qua trinh gidi toan, giip cho ching ta tranh
dwoc bién d6i qua da din dén di léch hudng.

Nguwdi ta c6 nhiéu cach nhung nhanh nhat 1a dwa vao ciu tric bai toan, vi du
v&i diéu kién don gian: a + b = 3 thi diém roi thuwong xay ra tai cac diém
nguyén hodc hitu ti nhu (0; 3); (1; 2); (35 ) hodc tai tam (; 2) voi céc bai
toan do6i xirng.

Phirc tap hon, néu la biéu thirc c6 kém trong s6 vi du 2x + 3y < 4 thi c6 thé
chonx = %; y = 1. Néu biéu thirc c6 chira phan thitc ching han S + % thi diém
roi thwong la wée s6 ciia 6 hodac 2 va nén chon sao cho cac hang thirc do6
vénh nhau khong qua nhiéu, vi nhw trwong hop tréntachona=3vab =1.

Néi chung hoc sinh dwa vao bai toan cu thé két hop véi kinh nghiém dé duw
doan két qua sao cho hop ly, tip chung vao cac diém nguyén va hiru ti trudc.
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bé thi thwong cling chi xay ra treong hop nay, rat it diém roi vo ti (néu co
thi ta thwong phai dung hé s6 bat dinh roi giai phwong trinh hoac hé phwong
trinh dé tim ra chdng).

Lwu y: Tt viéc dw doan “diém roi” va phan tich & trén ching ta thiy rang

thay vi viéc tim q, B ta c¢6 thé tim hang s6 dwong k sao ma:
3
S )

I NS B

Khi d6: S = 2 /kx-§+2 /G+k)y-§—3k=2\/3_k+\/1+4k—3k.

x+y=3
3
D4u “=" xay ra khi: kg =2 = %+ 1:41(:3
(l-l-k) _1
i y

Duw doan hodc str dung may tinh cAm tay cé thé tim dwoc k = %, tir d6 tinh
duwgcx = 2; y =1 nhw trén.

Nhin qua cé vé cong kénh, phitc tap. Tuy nhién ching ta cung theo doi tiép
bai to4an sau day dé hiéu r6 hon gid tri cua ky thuit nay trong treong hop dw
doan diém roi khé khan.

Bai toan 1.2. Cho x, y, z la cac s6 thwc dwong théa mén:

3x + 4y + 2z 2 14. Chitrng minh rang: 2(x + 2y + z) +§+21—y+3217.

Phan tich hwéng giai va binh ludn:
PatP =2(x+2y+1z) + E + % + g, ta sé tim hang s6 k dwong don gian nhit

saocho:P=2(x+2y+Z)+3+i+3
X 2y z

= k(3x + 4y + 22) + [(2 - 3k)x+§] I [(4— 4K)y +$] + [(2 — 2k)z +§] :

Pay chi la qua trinh “thr nghiém” nén tam coi nhw (2 — 3k), (4 — 4k) va
(2 — 2k) déu khéng 4m, khi do:
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P214k+2J(2—3k)x-§+2\/(4—4k)y~%+2\/(2—Zk)ze

= 14k + 2/2(2 — 3k) + 8V2 — 2k.

(3x + 4y + 2z =14 (%)
(2 —3K)x = %
Dau “=" xay ra khi:
au “="xayra 14(4—4k)y=%
((2-2K)z="2

Z

Bang cach rut x, y, z theo k va thay vao (*) ta duoc:

f 2 f 1 ’ 9
3 2~3k+4 2(4~4k)+2 2—21<'_14
2 8

14.

3 2—3k+\/2—2k=

St dung may tinh cam tay gidi phwong trinh nay sé tim dwock = % -
Khi d6 ta c6 phan tich: P = 2(x + 2y + z) +§+2—1y+§

=2(3x + 4y + 22)+(§+§)+(2Y+%)+(Z+3)'

B

Theo bAt dang thirc Cauchy thi:

fx 2 1 , 1 . 9 [ o
22 5 -=2 2y+522 2y-5=2vaz+;22 z--=0.

Dodé:Pz§-14+2+z+6=17.

+

N |
[ ]

Diu “="xdyrakhix=2;y = % va z = 3. Bai toan dwoc chirng minh.

Bai toan 1.3. (Dé minh hoa ctia Sé Gido duc va Pao tao Ha Noi cho ky thi
tuyén sinh vao lép 10 THPT ndm hoc 2024 - 2025, kem theo quyét dinh sé
994/QD-SGDDT ngay 24/04/2024)

Cho a, b 1a cac s6 thuc dwong thdéaman: a + b = 2.

. 1 2
hi&ng minh rang;: ——+ —>1.
Cu‘g agaz+b2+1+3ab 1
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Phan II. PHUONG PHAP TIM
GIA TRI NHO NHAT, GIA TRI LON NHAT

DPay la mot trong nhitng dang bai toan khé cia chwong trinh toan phé
thong. D€ 1am t6t phan nay hoc sinh c¢An nam virng quy tac sau:

1. Tim gia tri nhé nhat (GTNN) cua biéu thirc F(x,y, z, ...):

Buwérc 1: Tim duwoc s6 thwe A (can dwdi) ma F(x,y, z, ...) 2 Avéimoix, y, z, ...
Buwdc 2: Chi ra it nhat mét bd (xo, Yo, Zg, .- ) d€ F(Xq, Vo, Zg, -..) = A

Bwéc 3: Két ludn GTNN cua biéu thirc F(x,y, z, ...) 1a A.

2. Tim gia tri 1'n nhat (GTLN) ctia biéu thitc G(x, y, z, ...):

Bwéc 1: Tim dwoc s6 thwe B (can trén) ma G(x,y, z, ...) < Bvéimoix, y, z, ...
Buwérc 2: Chi ra it nhdt mot bd (X, ¥, Zg, .- ) € G(xy, Vo, Zg, ---) =B

Bwéc 3: Két ludn GTLN cta biéu thirc G(x, y, 7, ...) 1a B.

Trwdc khi di vao chi tiét tirng phwong phap, ching ta ciing theo déi bai toan
don gian sau:

Cho x, y la cdc s6 thuc théa man x* — x + y? = 2. Tim gid tri nhé nhdt va lén
nhdt ctia biéu thiec: P=x — 2y + 1.

Phan tich hwéng giai va binh luan:

Tabiéndéi: P=x—2y+1=x—-2y—1+2=x—-2y—1 +x? —x+y?
=x?+y?-2y—1=x2+(y—-1)?%*-2.
Vix220va(y—1)220nénx?+(y—1)2—-2>—-2hayP2-2,

Diu “=" xay ra khi x = 0; y = 1. Vay gia tri nhé nhat cia P 1a —2.
Mitkhdc:P=x—2y+1=x—-2y+3 —2=x—-2y+3— (x* —x+y?)
=—x2—y24+2x—2y+3=—(x—-1)2—-(y+1)? +5.
Vi—-(x—1)?<0va—(y+1)?20nén—(x—1)?*—-(y+1)>+5<5
hay P <5.

“w__mn

Diu “="xay rakhix = 1; y = —1. Vay gia tri 1én nhat cia P 1a 5.
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Thuwc té 1o gidi trén chwa chinh xacbédiléx=0;y=1va x=1;y = —1 déu
khong thda man diéu kién rang budc ban dau: x? — x + y? = 2. Tham chi tai
x=0y=1thiP#—-2vataix=1;y=—-1thiP #5.

Loi gidi diing sé nhw sau:

TeP=x—-2y+1=>x=2y+P—1=2y+Q (véi Q=P — 1), thay vao diéu
kién ban dau ta duoc:

2y+Q*-Qy+Q+y* =

5y2 +2y(2Q— 1) + Q2 — Q—2 = 0.

Ta coi day la phwong trinh bic hai 4n y, d€ phwong trinh nay c6 nghiém thi:
AN>0=>02Q-1)2-5(Q*-Q—2)=0

1-3v5
2

1+ 3v5 3 —3v5 3+ 3v5
VE_ 3-3V5 _ V5 |

02
Q“+Q+1120= > > >

<Q<
5-3V5

10

5+ 3+/5

10

No__» 2 A sn . 2Q - 3v5
® Dau “="xay ra bén trai khi: y = — i \5/_;

s :—X=2y+Q:

® D4u “=" xay ra bén phai khi: y = — ZQS_ 1= _35\/5; x=2y+Q=

3-345
2

n L4 - 2 V. 7 Y N L4 - Id n 7 N 3 3 5
Vay gia tri nho nhatcua P la va gia tri lén nhat cua P l1a +2 e,

Ngoai phwong phap mién gia tri nhw trén, cic em c6 thé giai theo nhiéu cach
khac nhu: str dung bat dang thirc Bunhiacopxki, st dung hinh hoc (vi tri
twong ddi giita dwong thang va duwdng tron), nhan tir Lagrange...

Qua vi du nay, tdc gid chi mudn nhdn manh rdng: Trong qua trinh tim gia tri
nho nhit; gia tri 1n nhit phai that cin trong, néu thiéu hoic 16i mot trong
cac budc néu trén thi lod gidi khdng day dd, thdm chi cho két qua sai.

Vé nguyén tic, chi can tim ra mét bd (X, o, Zo, ... ) d€ ddu “=" xay ra nhung

néu hoc sinh tim dworc tat ca thi lod gidi bai toan sé tron ven hon.

Bai toan 2.1. Cho a, b 1a cac s8 thwc dwong théa man diéu kién: 3a% + 2ab
—4ab —ab? + 3a+2b _

+ b? < 12. Tim gi4 tri nhé nhat cia biéu thic: S =

ab
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Phan tich hwéng giai va binh luin:

Nhdn xét: V&i cac s6 thuce a, b, c thoa man a + b + ¢ > 0 va da thic hai bién x,
y xac dinh b&i P(x,y) = ax? + bxy + cy?, khi d6 luén tim dwgc cac hiang sd
m, n, p d€ P(x,y) = (mx + ny)? + p(x — y)2.

Ching ta c6 thé tim cac hé s6 d6 théng qua phwong phap hé s6 bat dinh nhw
& trén da lam. Tuy nhién trong bai toan nay, dé don gian cac em ciing c6 thé

thwc hién nhw sau:

3a% + 2ab + b%? = (ma + nb)? + p(a — b)?

= 3a? + 2ab + b? — p(a — b)? = (ma + nb)?

= (3—p)a®+2(1 +p)ab+ (1 — p)b? = (ma + nb)?2.

Pé (3 — p)a? + 2(1 + p)ab + (1 — p)b? la mdt binh phwong ding thi:
AN=1+p)P-@B-p)(1-p)=0

1
3

>6p—2=0=>p=
Do d6: (ma + nb)? = Za? +Zab +-b? = = (2a + b)2.
Nhu vay: 3a% + 2ab + b == (2a + b)2 + - (a — b)Z.
Két hop véi gia thiét:
3a% +2ab +b?< 122122 =(2a + b)? +; (a— b)? 2= (2a + b)?
> (2a+b)2<18=>0<2a+b<3V2
DAu “="xayrataia=b =+/2.
—4a’b-ab?+3a+2b 2

Khi dé: S = - +%—4a—b.

ab _;

Ta sé di tim cac hang s6 a va B sao ma taia = b = v/2 thi:

2 2
-=oaa a===1
a = a

3_Bb B_3_3
b bz 2

Dua trén co s& nay cac em bién doi biéu thirc S:

S=§+%—4a—b=(§+a)+(%+§b)—4a—b—a—§b
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=(3+a)+(2+32b)-5a—-2b=(Z+a)+3(;+3) -2 (2a+b).

Theo bat dang thirc Cauchy ta co:

§+322/ Zﬁva—+—_2 =243

Két hop v&i 2a + b < 3v2 suy ra:

S>2\/_+3\/_——3\/_——— DAu “="xay rakhia =b = /2.

Vay gia tri nhé nhat cia Sla — %_

Bai toan 2.2. Cho a, b 1a cac s6 thuyc thoa min: 5a% — 6ab + 2b? = 1. Tim
gia tri nhé nhat va lén nhat cta biéu thivc: M = 10a — 7b + 1.

Phan tich hwdéng giai va binh luan:

Ciing nhw c4c bai toan trudrc, ta phan tich 5a? — 6ab + 2b? = 1 thanh:

(2a—Db)? + (a— b)? = 1. Khi dé:

M=10a—7b+1=3(2a—b)+4(a—b)+1

=>M—-1=3(2a—Db) +4(a—Db).

St dung Bat dang thirc Bunhiacopxki ta dworc:

(M—1)* = [3(2a—b) + 4(a— b)]?

<(32+4%)[(2a—b)* + (a—Db)?] =

= —-5<M—-1<5> —4 <M< 6. Tatim diéu kién dé diu “=" xay ra:
2a-b _a-b

® M = —4 khi: (2a b)24+ (a_b)z _1 2a=3b=1

10a — 7b + 1 =—
2a—b=a—b
. 3 4 i
® M = 6 khi: (2a—b)2+(a—b)2=1 =>a=—g;b=—1.
10a — 7b+ 1=6

Vay gia tri nhé nhat cia M 1a —4 va gia tri Ion nhit cia M 1a 6.
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Phan tich hwdéng giai va binh luan:

.o 1 2 . . f ame s X s
bat S = T thwong véi dang toan doéi xirng nhw thé nay ta dw

doan d4u dang thirc xay ra “tai tam” a = b = 1. Hon nira day 1a bit dang thirc
c6 chita mau nén hoc sinh c6 thé nghi dén viéc sit dung Cauchy - Schwartz
dang Engel. Phong trueomg hop khong dwoc ap dung truc tiép bat dang thirc

trén, ching ta sé chirng minh lai thong qua b6 dé sau:

B0 dé: Cho a, b 1a cac so thuwe va x, y 1a cac s6 thuc dwong. Khi do:

~Nou 2 . d b
+Dau “="xay ra khl; =7

Chirng minh:
Ta sé chirng minh truc ti€p bang cach xét hiéu:

a2 L b*>  (a+b)? _ a’y +b?x  (a+b)? _ (x + y)(a%y + b2x) — xy(a + b)?

X y X+y Xy X+y xy(x+y)

. a’xy + x?b? + y?a’ + b?xy - (azxy + 2abxy + bzxy) _ (bx— ay)?
Xy(x +y) xy(x+y)

2
Do %,y > 0 va (bx — ay)? > 0 nén
X,y > 0va (bx — ay) nén-_——=>

a2 b? (a+b)?

2 2
Do dé L + = — X,Grbr,
X y

o2
20hay;+72

X+y X+y

Dau “=" xdy ra khi bx — ay = 0=>bX=ayhay§ = 3-

B0 dé dwgc chirng minh.

Lwu y: Bang cach str dung két quad nay hoc sinh ¢ thé chitng minh cho
trueong hop véi ba bd sé hodc nhiéu hon thé: Cho a, b, cla cdc sé thycvax, y,
z la cac so thuc dwong. Khi doé:

a2 b? 2 _ (a+b+c)? " 5 .a b ¢
BRI L. D4u ="xdyrakhi-=-=--
X y VA X+y+z X y yA
That vay

a2 b2 cz_(a2 bz)_I_c_ZZ(a+b)2_l_fz[(a+b)+c]2
Z X+y Z x+y)+z
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a2 b? c?2_(a+b+c)? B )
hay—+—+—2¥-Dau =" xay ra khi:
X y Z X+y+z

x+y_z

~ 2 ’ ~ 2 ~ 2 ~ & b
Két hop str dung tinh chat ctia day ti s6 bang nhau ta duoc )3( =7 = E .

Trong chwong trinh toan pho thong, cic em tam hi€u don gian “bé dé” 1a mot
gia thuyét da dwoc chirng minh hoic chic chin sé dwoc chirng minh, dung
lam co s& dé tir d6 giai quyét cho bai toan dang lam.
Tro lai bai todn:
~ ~ < . A ¥ ’ ’ 2 A ~ . A ’ \
Ta sé c0 gang bién dbi bang cach tach 5 Ve dang tong hai phan thitrc sao ma
mot trong hai phan thirc c6 mau 1a 2ab v&i muc dich 1a d€ sau khi cong véi
1 ~ 2 _ \ 4 9
> tao ra tong (a+b)c =4, tr dé xu
Iy dwoc bi€u thirc “phirc tap” nay. Phan thitc con lai chita mau a.b thi danh

thanh phan a? + b? cia phan s6 ——

gid twong d6i don gidn dua theo bit dang thitc Cauchy c6 dién.

bé lam dwoc nhw thé, trwdc hét chung taditimhésdo adétaia=1vab=1
1 a 2ab 2
hi: ———=— =
: a2+b2+1 2ab

a2 +b2+1 3

22
Khi d6: S = —— +2=’ L +(5)

4
a2 +b%Z+1 3ab aZz+bZ+1 Zab‘ 9ab
St dung b6 dé trén ta co:

N ) I G N (R NN o IS

az+b2+1 2ab _ a?+bZ2+1+2ab (a+b)2+1 2241 9

2
Theo bat dang thirc Cauchy thi: ab < (a:—b) =1 nén
Do vay: S2242=1.
9 9
Dau “=" xay ra khi a = b = 1. Bai toan dwoc chitrng minh.
Hodc theo mot cdch khdc, déy rdang taia=b = 1thia? +b?>+ 1 =3ab =3,
1

. Ve Ie P s 2 1 \ 2 A < s A X s o A
khi do co thé tach 57 = 3oy T3 vasw dung bat dang thirc cong mau véi b

ba sé nhw sau:
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B 1 2 12 12 12

= o -
a2+b2+1 3ab a%2+b%?+1 3ab 3ab

9 _ 9 __9 o9 _

T a?+2ab+b2+6ab+1 (a+b)2+4ab+1 S+4ab  5+41

Dau “=" xay ra khi a = b = 1. Chung ta cling thu dwoc két qua twong tw.

Trong trwdng hop khéng muén ding cdc bdt dang thiec phu, hoc sinh hoan
toan cé thé str dung phwong phdp chirng minh trwec tiép:

1 2 1 2 1 2

T aZ+bZ+1  3ab  (a+b)2-2ab+1 ' 3ab  5-2ab | 3ab

PGibién t=ab (véi 0 < t < 1). Khi d6 S(t) = —— + = va ta xét hidu:

5-2t 3t
g1 2 .6t —16t+10 _ 2(3t* -8t+5) 2(t-1)(3t-5)
S(t) 1_5—2t+3t 1= 3t(5—2t)  3t(5-2t)  3t(5-2t)
=10 2(t- 1)(3t -5
Véi0<t<1thi {3t—5 <0 nén 2-2E25),

3t(5 —
5—2t >0 tom2t

Do d6 S(t) —1=0hay S=>1.DA4u diang thitcxayrakhit=1haya=b = 1.
Nhu vay:

Trong moi cudc thi: Hoc sinh nén tim hiéu ki quy ché trwéc khi lam bai:
nhitng gl dwgc lam, dwoc ap dung, nhitng gi néu st dung phai chitng minh...
dé tranh mit diém dang tiéc!

Trong qud trinh hoc: V&i mdi bai toan, néu cé thoi gian cic em hay c6 gang
suy nghi dé tim ra nhiéu hwéng di, cich giai khac nhau va két hop tong quat
héa néu co thé. Hoc sdu dwoc nhw thé sé rat hivu ich béi trong tay c6 nhiéu
cOng cu, giadi phap thi khi gdp cac bai toan khac co hdi dé ban giai quyét duoc
ching sé lén hon.

Bai toan 1.4. (Pé thi Olympic trai he Hung Vwong Idn thir 19, mén Todn
Iép 10, ngay 06 thdng 08 ndm 2025)
Cho x, y 1a cac sO thwc théa man diéu kién: 0 sx<1lval0<y<1.

1 2

Chirng minh rang:

+ < :
2+x 2+y 2+ .xy
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Phan tich hwéng giai va binh luan:

Ta sé& st dung phwong phap chitng minh trwc ti€p dé giai bai toan nay, tuy
nhién dé viéc phan tich da thitc thanh nhén t& dwoc dé dang thi cac em c6
thé d6ibién: x =a?%,y=b%2véi0<a;b< 1.

S R feEA 1 1 2 1 1 2
Khi d6 hiéu: .2 = = i i
24 x 24y 24+ xy 2+a 2+b 2+ab

_ (2+a?%)(2+ab) + (2 +Db?)(2 +ab) - 2(2 + a?)(2 + b?)
B (2 +a2)(2 + b2)(2 + ab)

__a®b+b%a-2a%b? —2a% —2b% + 4ab __ ab(a? - 2ab + b?) — 2(a? — 2ab + b?)
- (2 +a2)(2 + b2)(2 + ab) - (2 + a2)(2 + b2)(2 + ab)

(ab - 2)(a — b)? _
T (2 +a2)(2 +b2)(2 + ab)

(ab —2)(a — b)?

V6i0<abs<1thiab—2<0,dodo—>r-ror"—s<0.

1 1 2 1 1 2

ra: < ha < .
Suy 2~}~az+z+b2 2+ab y2+x 24y 2+./xy

Dau “=" xay ra khi x = y. Bai toan dwogc chirng minh.

Bai todan 1.5. Cho m, n la hai nghiém thyc khac nhau cia phwong trinh:

3ac — b?
3a2

ax® + bx? + cx+ d = 0 (vdia # 0). Chitng minh rang: mn >

Phan tich hwéng giai va binh luan:
Vim, n 1a hai nghiém cia phwong trinh ax3 + bx? + cx + d = 0 nén:

{am3+bm2+cm+d=0 (1)
an® +bn®*+cn+d=0 (2)

Trir theo vé cta (1) va (2) ta duoc:
a(m®*—n3)+b(m?—-n?>)+c(m—n) =0

= (m —n)[a(m? + mn +n?) +b(m +n) +c] = 0.

Vim # n nén phai cé: a(m?> + mn +n?) + b(m+n) + c=0
=a[(m+n)>—mn]+b(m+n)+c=0

= a(m + n)? + b(m + n) + c — amn = 0.
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Ta coi day la phwong trinh bac hai &n (m + n). P& phwong trinh c6 nghiém thi:
A 2 0haylab? — 4a(c — amn) 2 0.

Khi d6: b — 3a(c —amn) 2 0

= b? — 3ac + 3a’mn = 0 = 3a’mn > 3ac — b?

3ac —
3a2

B2 i ’ ;
= mn 2 * Bai toan dwgc chirng minh.

Lwu y: Thuc té€ thi bai todn ndy mudn nhac téi mot bién thé dwoc suy ra tir
diéu kién d€ phwong trinh bac hai ax? + bx + ¢ = 0 (a # 0) c6 nghiém.

® Néu a.c < 0 thi hién nhién b? — 3ac > 0.

® Néu a.c>0khiddo A=b? —4ac>0=b%—3ac>b? — 4ac>0.

C6 mdt s6 bai toan st dung tinh chit trén, do vy cic em ciing nén dé tam.

Bai toan 1.6. Cho cac so thuc dwong x, y théa man diéu kién:

2x% + 2xy + y? — 2x < 8. Chirng minh rang: z + 3 — 2x — 3y 2 —4.

| L

Phan tich hwéng giai va binh luan:

Cling twong tw nhw nhitng bai toan trén, ching ta khai thac gia thiét ban dau
nhw sau: 2x% + 2xy + y2 — 2x< 8

S>x2+2xy+y?+x2—2x+1<9

> (x+y)*+x—1)%2<9

=>x+y)? <9—(x—1)=2

Vi(x—1)220nén (x+y)?<9=>0<x+y<3.

Du dodn ddu “=" xay ra khi x = 1 va y = 2 dan dén viéc phai di xac dinh cac

hésd o, B détaix =1vay = 2 thi:

I
Q

> a=2vaf=1.

2

NID RN
I

e Ao 2 4 _ (2 2 —
Tudophant1ch.;+;—2x—3y— (X+2x)+(y+y) 4(x +y).
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Phan I11. HE THUC VIETE VA NG DUNG

binh ly Viete (Vi—ét) dwoc goi theo tén cuia nha toan hoc ngwdi Phap
Francois Viéte, 1a mot hé thirc quan trong lién quan dén cac nghiém clia mot
da thirc. Trong chwong trinh 1&p 9 hoc sinh chd yéu nghién ctru déi véi
phwong trinh béic hai. Cac dang toan lién quan rat nhiéu nhw: tinh gia tri
biéu thirc, mdi lién hé gitra cac nghiém, tim gia tri lén nhit nhé nhat clia biéu
thirc nghiém, diu cac nghiém... va cling c6 nhitng bai khong hé dé, dic biét
lién quan dén cac hé thirc bat doi xirng véi viéc sir dung Viete mot phan.
Trwéc hét chiing ta ciing nhau nhac lai mot sé kién thirc co ban:

@ Pinh ly Viéte thuan: Cho phwong trinh bac hai ax? + bx + ¢ = 0 (a # 0)

b
x1+x2=—;

c6 hai nghiém x4, x, khi do: c

X1Xy = 2

Hé qud: Cho phwong trinh bac hai ax? + bx + ¢ =0 (a # 0)
* Néu a + b + ¢ = 0 thi phwong trinh c6 hai nghiém x; = 1; x, = §

* Néu a — b 4+ ¢ = 0 thi phwong trinh ¢6 hai nghiém x; = —1; x, = —§

* Phwong trinh c6 hai nghiém trai diu khi tich a.c < 0.

Ngoai ra néu phwong trinh cé hai nghiém cung dau thi a.c > 0 va cung dau
dwong thi thém —=> 0, cling du am thi thém — 2 <0,

Lwu y: Diéu kién d€ ap dung dinh ly Viéte 1a phwong trinh phai c6 nghiém
nén khi giai toan ta cin phai xac dinh diéu kién nay trwdc (trir khi a.c < 0 thi
khi d6 A = b? — 4ac > 0 hién nhién phwong trinh c¢6 nghiém). Trong trwdng
hop biéu thirc Delta phirc tap, hoc sinh khong cin tim diéu kién cu thé cla

tham s6 d€ A = 0, cdc em ci¥ lam trwée roi thir trwee ti€p dé dwa ra két luin.

® Pinh ly Viéte dao: Gid s x;,x, la hai s0 thwc théa min hé thirc:
{Xl + Xz - S
X1X, =P

Khi d6 x4, X, 1a hai nghiém cia phwong trinh bac hai: x? — Sx + P = 0.
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Luu y: Diéu kién dé€ ton tai x4,x, 12 S — 4P 2 0 (chinh 13 diéu kién A > 0 dé

phwong trinh trén c6 nghiém).

® M6t s6 bién d6i co ban cin ghi nhé

1) ax? + bx; + c = 0.

2)x2 + x5 = (x4 + %)% — 2x;%, = §% — 2P.

3)x3 +x3 = (x; + %)% — 3x;%,(x; +x,) =53 — 3SP.

4)x7 +x3 = (x2 + x3)? — 2x3x2 = (§% — 2P)% — 252

5) (x; — ) (X, — ) =X1X, — a(X; +X,) + a®> =P —aS + a?.

6) X3X, + X3X; = X1X,(X; + %) = SP.

1 1 X1 + Xp S
- =ntxe_2
X4 X2 X1X2 P
1 1 X1 + X — 20 S-2a
8) —— + —— = = -
X1 -0 Xp— x1—-0)xz—a) P-aS+a
9) X1 +X2 _x%+x% _ (xq +X2)2—2X1X2_52—2P
X5 X1 - X1Xp - X1Xo - P

10) [x; — x,| = \/(Xl +X,)2 — 4x,X, = VS2 — 4P.

Véi cac biéu thirc bat doi xirng chiing ta khong cé cong thirc bién ddi chung
nao, né phai tuy thudc vao tirng bai toan cu thé.

Tuy nhién cac em hdy dac biét dé y dén “hé qud cta dinh ly Viete” & trén,
nghia 1 cAn kiém tra (a + b + ¢) hay (a — b + ¢) xem ching c6 bang khong
hay khong trwéc khi nghi téi viéc dung Delta. Néu khong dwoc niva thi quay
trd lai phén tich chinh cai biéu thirc & dé bai (vi du phéan tich thanh nhan ti,
danh gia bat ding thirc, ...) v&i hi vong tim ra dwoc méi quan hé don gidn
hon gitra cac nghiém ctia phwong trinh.

Bay gi¢ ching ta sé di vao giai quyét mot s6 dang bai tip cu thé tir don gidn
dén phikc tap.
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3.1. TINH GIA TRI BIEU TH(C

Bai toan 3.1.1. (Pé minh hoa ctia S& Gido duc va Pao tao Ha Ni cho ky thi
tuyén sinh vao Iép 10 THPT, theo Chwong trinh GDPT 2018, kém théng bdo
s6 2998/TB-SGDPT ngay 28/08/2024)

Biét rang phwong trinh bac hai x? — 3x + a = 0 ¢4 mdt nghiém x =

Tinh tdng binh phwong hai nghiém cta phwong trinh trén.

Phan tich hwéng giai va binh luén:

3-+5

Vix, = 12 mot nghiém cta phuwong trinh nén chac chan phwong trinh
sé con mot nghiém x, nita. Theo dinh ly Viete thi:

3-v5 _ 3+4+5
2 2

Xy +X, =3suyrax, =3—x4 =3 —

Khi d6: A=x? + x5 = (x; +X,)% — 2x;X%,

=9 —2=7%

2
2(3—\/§+3+\/§) _23—\/3_3+\/§
2 2 Y 2

Vay gia tri tong binh phwong hai nghiém ctia phwong trinh da cho 1a 7.
Ngoai ra ciac em ciing c6 thé tim tham sé a va giai bai toan theo mét cach
khac nhu sau:

Ving_\/g

la nghiém cua phwong trinh nén:

(55) -3.2F

+a=0

a=3- 1.

3—\/3_(3—\/5)2 =9—3\/§_14—6\/§=9—3\/§—7+3\/§=

2 2 2 4 2

X1+X2=3

Theo dinh ly Viete thi: {X1 tx, =1

Dod6:A=x?+x5=(x; +X,)2 —2x;x, =32—-2=7.

Ta cling thu dwoc két qua nhw trén.
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Bai toan 3.1.2. Biét rang phwong trinh x> —mx—m? —1 = 0c¢6 hai

nghiém x4, X, théa man [x;| — |x,| = 3 va x; <x,.

Tinh gia tri cia biéu thirc: A = x% + x3.

Phan tich hwéng giai va binh ludn:

Xét phwong trinh x> —mx—m? — 1 =0, (1)
Tac6:A=m? + 4(m? + 1) = 5m? + 4 > 0 v&i moi m.
Do vay phwong trinh (1) luén c6 hai nghiém phéan biét.

Theo dinh Iy Viéte: {Z‘Xj 2 _Zmr? _(?

Do —m? — 1 < 0 suy ra x;va x, trai diu.

K&t hop véi x; < X, ta dwoc x; <0 < x,. Khi do:
%1 = Ix2| =3

—X; — X, = 3hay x; +x, = —3.

. _ o (X + X, =-3
Thay vao (2) ta dwoc m = —3. Khi do: {X1Xz ~ _10
Suyra:A=x?+x% = (x; +X,)? — 2x;%, = (—3)? — 2(-10) = 29.

Vay A = 29.

Bai toan 3.1.3. (Dé thi vao Iép 10 THPT TP. Ho Chi Minh, danh cho hoc sinh
thi vao cdc lop chuyén Todn, ndm hoc 2024 - 2025)

Cho tap nghiém cta phuwong trinh (x? + ax +b)(x? + cx + d)(x® + ex +
f) = 01a{1; 2; 3; 4; 5; 6}. Tinh gia tri cia biéu thirc:

T=a’+c>+e?—-2(b+d+10.

Phan tich hwéng giai va binh ludn:

Vi X4, X, 12 nghiém cta phwong trinh x? + ax + b = 0 nén theo dinh ly Viéte
X1 +X, = —a
XX, =b

thi:{ = a’—2b =x%+x3.
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Twong tw goi X3, X, va Xg, X lan lwot 1 cadc nghiém cda cac phwong trinh:
x>+ cx+d=0vax?+ex+f=0taciing co:

c2—2d=x%+x?vae? —2f=xZ +x2
Suyra:T=a%2+c?+e2—-2(b+d+1f) = (a?—2b)+ (c?—2d) + (e? - 2f)
=x?+xi+x3+x:+xE+x2=12+22+32+42+52+6%2=091.
Vay T =91.

Bai toan 3.1.4. Biét rang phuong trinh 2x?> — 3x — 1 = 0 c¢6 hai nghiém
phén biét x,, x,. Khéng gidi phwong trinh, hdy tinh gia tri ctia biéu thic:

A= (4x? —7x; — 1) + (43 — 7x, — 12

Phan tich hwéng giai va binh luan:

Khi gdp cac bai todn dang nay ching ta nén tin dung cac bién ddi co ban trén
dé ha bac cua cac biéu thirc trong ngoic trwdc khi khai trién binh phwong.

Vi x; 1a nghiém cta phwong trinh 2x% — 3x — 1 = 0 nén:
2?2 —3x%;,—1=0

4x? —6x, —2=0

4x2 —7x; = —x; +2=24x2 —7x, — 1= —x, + L.
Twong tw cling cd: 4x3 —7x, — 1 = —x, + 1.

Do dé: A = (4x2 — 7x; — 1)? + (4x5 — 7x, — 1)?
=(—x; + 1)? + (—x, + 1)?

= x% + X% —2(% + %) + 2= (X +X,)% — 2x4%, — 2(%; + X,) + 2.

X1+ X, = %
Theo dinh ly Viete thi: |
X1Xy = — E

Thay vao A ta dwoc: A = (x; + x)% — 2x,%, — 2(%g + X,) + 2

- G)Z —z(—%) —2-2+42=2-Vay chiing ta két luan: A =

9
4
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Phian IV. PHUONG TRINH, HE PHUO'NG TRINH

Trong mot s6 dé thi bai todn nham “phan loai hoc sinh” & dang
phwong trinh hoac hé phwong trinh nhwng an chira phia sau né thwong la
mdt bat dang thirc. Tw twdng chung dé€ gidi quyét chiing 12 dwa vao cac bat
dang thirc co ban hodc c¢6 dién nhw Cauchy, Bunhiacopxki, Minkowski, ...
hodc tinh déng bién nghich bién cia ham so, c6 thé két hop véi nhén lién
hop, danh gia mién nghiém, ... d€ so sdnh cac vé va dwa ra két luan nghiém

cda phwong trinh, hé phwong trinh ban dau.

® Néu f(x) 1a ham dong bién hodc nghich bién trén D (tp xac dinh) va u(x)
va v(x) la cac ham s0 xac dinh trén D thi: f(u(x)) = f(v(x)) = u(x) = v(x).

® Néu phwong trinh f(x) = g(x) ¢6 f(x), g(x) lan lwgt dong bién va nghich
bién trén D, bang cach ndo do ta tim dwoc X, 12 nghiém cta né thi dé ciing la
nghiém duy nhat cia phwong trinh da cho.

Viéc giai phwong trinh, hé phwong trinh thong qua tinh dong bién, nghich
bi€n ctia ham s6 dwoc goi la phwong phdp ham dic trung. Tuy nhién viéc tim
ra cac ham s6 nay nhiéu khi khong don gian.

)

Cling nhw tim diém roi trong cac bai todn cwec tri, viéc “dodn nghiém co bdn’
cda mot phwong trinh, hé phwong trinh rat quan trong. N6 giup dinh hwéng
phan tich cling nhu bién déi d€ thu dwoc nhan tir phu hop hoic tao ra & moi
vé cac bat dang thirc phit hgp véi diém roi chinh 13 cac nghiém do.

Vé&i phwong trinh vo ti hoc sinh ¢6 thé tim bang cach thi truc ti€p mot vai
gia tri chia bién sao cho phép khai cin thwc hién dwoc dé dang. Vi du véi

vx+2thitakifmtrataix=-1,x=2;x=17; ...

Ngoai ra tly tirng bai toan, cadc em ciing c6 thé nhan, chia, dat 4n phu hop ly
dé chuyén vé phwong trinh dang cdp (phwong trinh c6 bac cla cic 4n s6
bang nhau). Tir d6 dé dang phan tich da thirc thanh nhan tr d€ tim nghiém
cua phwong trinh, hé phwong trinh da cho.

Bi QUYET GIANH BPIEM TUYET POI MON TOAN Z57_|



4.1. PHUONG TRINH

Bai toan 4.1.1. Giai phwong trinh sau: (2x — 3) [x +§ = x? — 4,

Phan tich hwéng giai va binh luan:
Xét phwong trinh: (2x — 3) [x + g = x* — 4. (D

biéu kién: x > 0.

Bang cach chia ca hai vé ciia (1) cho x ta duoc:

2x -3 X+E‘=X2_4
X X X
(2—3) Jx+3=x—é
X X X
x+2+(2-2) [x+2i-2=0. 2)
X X X X

Dén day, sir dung phwong phap dit 4n phu khéng hoan toan:

_ Z . s 0 % 5 3 6
t= x+;(vo'1t>0) ta chuyén (2) vé dang: t* + (;— Z)t—; = 0. (3)
Coi (3) 1a phwong trinh bAc hai 4n t, ta tinh:

3 2 24 9 12 3 2
a=(3-2) +5=5+7+4=(+2)
Dé thiy A = 0 do d6 phwong trinh (3) c6 hai nghiém dwgc xac dinh bai:

£-9)-(+2) £-9)+Cer) _,

2 2

L=

3 .

= —-vat=
X

Ta xét cac trwong hop:

© Trudmg hop t = —2 khi d6 véri x> 0 thi —2< 0 nén t < 0 (loai).

® Trwong hop t = 2, khi do:
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x? —4x+2=0>=>x=2—+/2 (théamain); x = 2 + V2 (thdéa mén).
Vay x = 2 — V2 vax =2 + /2 1a cdc nghiém ctia phwong trinh da cho.

Lwu y: Hoc sinh ¢6 thé phén tich vé trai ciia phwong trinh (2) thanh nhén tk

va chuyén vé dang: ( fx + E — 2) ( fx + % + z) = 0 roi lam ti€p tuc nhw trén.

‘ Bai toan 4.1.2. Gidi phwong trinh sau: (1 —x)(vVx+2 + 1) = 2x? — 1. M

Phan tich hwéng giai va binh luan:

Xét phwong trinh: (1 —x)(Vx + 2 + 1) = 2x* — 1.

biéu kién: x + 2 2 0.

Ta viét lai phwong trinh da cho dwéi dang sau:
A-x(Vx+2+1)=2x>—-1

1-x+(1—-x)Vx+2=2x2-1

x+2)+ (1 —x)Vx+2-2x%>-2x=0. €))
Pén day, st dung phwong phap dit 4n phu khong hoan toan: t =vx + 2
(v&it=0) ta chuyén (1) vé dang: t? + (1 — x)t — 2x? — 2x = 0. (2)
Coi (2) l1a phwong trinh bic hai 4n t, ta tinh:
A=(1-x)?+8x*+8x=9x*+6x+1=3x+1)%

Dé thdy A = 0 do d6 phwong trinh (2) c6 hai nghiém dwoc xac dinh béi:

2 2

2X.

Ta xét cac trueong hop:

® Trwong hop t = —x — 1, khi do:

vVx+2=-x-1
X2+X—1=O=>X=~1_\/§-x=‘1+‘/§.
7 2

-1-+5

Thi lai ta thay chi cé x = la nghiém cua phwong trinh da cho.
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® Trwong hop t = 2x, khi do:

VX + 2 =2x

4x%2 —x—2=0
_1-=433 __ 1++33
g %7 g

++/33

Thir lai ta thiy chi c6 x = ! la nghiém ctia phwong trinh da cho.

-1-vV5 1433, ., > ) \ "
— o vax=— la cac nghiém cua phwong trinh ban dau.

Kétludn: x =

Bai toan 4.1.3. Giai cac phwong trinh sau:

)X +VVx+3=3; b) 12vx + 1+ 9 = x2.

Phan tich hwéng giai va binh luan:

DAy la dang toan ma néu bién déi thong thwong sé dan dén nhirng phwong
trinh bic cao, rat kho cho viéc tim nghiém.

a) Xét phwong trinh: x + m = 3.

biéu kién: x = 0. Khi d6:

Xx+vVVx+3=3
3—x=+Vx+3 (1)
=>(B-x)2=vx+3hay32 - (2x+1).3+x2—x=0. (2)

Coi day la phwong trinh bAc hai, 4n 3 ta tinh dwoc:
A= (2x+1)* — 4(x* —Vx)

= 4x+ 4VX+ 1= (2Vx+1)" > 0 véimoix = 0.
Do dé phwong trinh (2) c6 hai nghiém:

3 =2x+1—2(2\/§+1)=x_\/§vé?) =2x+1+2(2&+1)=x+\/§+1.

Ta xét cac trwong hop:

® Truonghop 3 = x — vVx, khidé: x — 3 = Vx. (3)
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T (1) ta thdy x < 3, khi d6 x — 3 < 0 < vx nén phwong trinh (3) v6 nghiém.
® Trudng hop 3 = x +vx + 1, khi dé:

2 —x =+/x

X+Vx—2=0

(Vx+2)(vx—1) =0=+x—1=0=x = 1 (thda man);

Vay phwong trinh da cho cé nghiém duy nhatx = 1.

Trén day 12 mot ki thuat chuyén vé phwong trinh bic hai dic biét dé€ cac em
tham khdo. V&i bai todn nay cac em con c6 thé gidi nhw sau:

X ++t=3
Vx+3=t

Suyra:x +vVt+vVx+3=3+t=> (Vx+v)(vx—vt+1) =0
Do vx ++t>0nénvx —+t+ 1 = 0. Thay vx = t — 3 ta duoc:

Pitt = v/x + 3 (t > 0) ta chuyén vé hé phwong trinh: {

t—3—-+vt+1=0

t—vVt—2=0

(Vi+1)(vVt-2)=0=>+Vt-2=0>t=4.

Khi dé: Vx + 3 = 4 = x = 1 (thda min). Ta ciing thu dwoc két qua twong tu.
b) Piéu kién: x + 1 = 0. Khi dé:

12Vx+1+9 =x>

32 +4vx+1.3—x% = 0. (4)
Coi diy 1a phwong trinh bic hai, 4n 3. Ta tinh dwoc:

A= (2\/){-!-71)2 +x2=x%?+4x+4 = (x+2)?20véi moix.

Do dé phwong trinh (4) c6 hai nghiém:

3= —2Vx+1—-(x+2)= -2Vx+1—-x-2

vad=-2Vx+ 1+ x+2)= —2Vx+1+x+2.

Ta xét cac trwong hop:

® Trwonghop 3 = —2vx+ 1 —x — 2, khi dé:
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Phan V. HINH HOC

Cau hinh phang trong dé thi tuyén sinh vao 1ép 10 ctia cac tinh
thanh thong thwong c6 ba y véi hai y dau kha don gian. Tuy nhién y thi ba
(hay goi la ¢ — Hinh) lai twong doi kho: tim diém co dinh, chirng minh dong
quy, thang hang, vudng gdc, ... va thuc sw 12 mot thach thic vdi nhiéu ban.
Viéc cung cdp dap an chwa phai 1a cach t6t nhit ma quan trong la hwdng dan,
ly gidi cho cac em tai sao lai lam nhw viy dé€ hoc sinh hinh thanh nhirng suy
luén c6 ly khi tim hwéng gidi quyét mot bai toan hinh hoc.

Cau chuyén con dai & phia sau nhwng trwéc hét hoc sinh can biét thém méot
vai cong cu bo tro pho bién sau day ciing nhw cdch chirng minh ching.

Lwu y: Khi cac em st dung cac két qua nay thi t6t nhat 1a nén chirng minh lai.

1. M6t so hé thirc vé canh va dwong cao trong tam giac vuong

Cho tam gidc ABC vudng tai A, ké dwong cao AH (H € BC). bat BC = a, AB =
¢, AC=b, AH = h, HB = ¢/, HC = b’ (b’, ¢’ con goi la dd dai hinh chiéu cda
canh goc vudng lén canh huyén). Khi dé ta cé cac hé thirc sau:

1) b.c = a.h;
2V b* = B.a,e® =¢.a

3) a? = b% + ¢? (dinh ly Pythagoras);

4)h? =b'.c’;
C'
1 1 1
NE=nta °
Chirng minh:

1) Str dung cong thirc tinh dién tich ta c6:
SAABC = %bc = %a. h = b.c=a.h.

2) Xét hai tam giadc vuong HAB va ACB c6 B chung = AHAB «» AACB

AB _ HB

2 2
CB—AB:)AB = HB.CBhay c” =c'.a.

Twong tw cling chi ra duwocb? = b'.a.
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3) Pay la dinh ly Pythagoras, hoc sinh dwoc st dung va khong phai ching
minh. Tuy nhién ching ta ciing c6 thé chirng minh rit don gian bang cach

dwa vao két qua da c6 & trén:
b2 =b'.avac?=c.asuyrab’?+c?=ba+c.a=a(b’ +c')=a.a=a?

4) Ta c6 ABH + BAH = 90°, BAH + CAH = 90° = ABH = CAH.

AH

Suy ra: AABH «» ACAH = =

~ = AH? = BH.CHhay h? = b'.c’.

5) Ta bién d6i vé€ phai va sir dung dinh 1y Pythagoras két hop véi két qua

_b%Z+cz  a? 1

1
2~ (bc)2  (ah)2  h?

P |
b.c=a.hdac00’tren:§+

bén day cac hé thirc dwoc chirng minh hoan chinh.
Ngoai ra, gia thiét rang c < b khi d6 ¢’ < b’. Ta c6 hé phwong trinh:

{2, -Il;,b_ lea suy ra ¢’ va b’ chinh la hai nghiém ctia phwong trinh bac hai:

x? —ax+h? =0. (*)
Phwong trinh nay co6: A = a% — 4h?,

Dé y rang: a* = (¢’ + b")? > 4¢'b’ = 4h? nén A = a% — 4h? > 0. Do d6 phwong

trinh () luén c6 hai nghiém:

__a+va?-4h?2  /VJa+2h++Va-2h 2_ __a—-vaz-4h?  (Va+2h-+Va-2h 2
1= 2 - 2 raz 2 - 2

, y a—+va2Z-4h? | a+ va? — 4h? \ . x
Do ¢’ < b’ nén ta chon: ¢’ = —, va b' = — hay con dwoc biéu
X p s Vva+2h-+va-2h va+2h ++a-2h
dien dud¢i dang: V' = > vavb' = > .

2. Cac tinh chat lién quan dén dwong phan giac trong va dwong phan

giac ngoai cia tam giac

Cho tam giac ABC c0 cac dwong phan giac trong AD, dwong phan giac ngoai

AE (D, E € BC) vaIla trung diém cia BC. Khi do:

1) = _E_
DC ~ EC AC

2 1 1 A P
2) == rarhey (Hé thirc Descartes);
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3) MB% = MC? = MD. ME (Hé thirc Newton);
4) EB.EC = ED.EM (Hé thitc Maclaurin).

Chitrng minh:

. 5 5 K o : ” ~ DB _EB _ AB
1) Vé&i AD, AE la cac duwong phan giac trong va ngoai ta da co e Ee —ac

= . . DB AB

NéudatBC=a, CA=b,AB=cvaAD = |, thii — = —
DC  AC
DB AB

= =

DB+DC AB+AC A

DB AB

BC  AB+AC

AB.BC
AB + AC E C

= DB =

. ab
T b+c

= DC =BC—DB

ab _ ac .
b+c b+c

F
DAy chinh la cong thirc tinh DB va DC theo d¢ dai cac canh cua tam giac ABC.

Goi F 13 diém ndm trén AD sao ma ABC = AFD. Khi dé:

AABD > AAFC (g-g) =22 = % = AB.AC = AF.AD.

va AABD «> ACFD (g-g) = é‘—DD = =2 = CD.BD = AD.FD.

Suy ra:
AB.AC — CD.BD = AF.AD — AD.FD = AD(AF — FD) = AD?
= AD? = AB.AC — CD.BD = bc — 2. 2
b+c b+c
. __a? __be(b+c—a)a+b+c)
= bc [1 (b+c)2] - (® + )2

__ybe(b+c—a)a+b+c) _ybcb+c-a)@a+b+o)
= ab= b+c hayla_ b+c

bay chinh la cong thirc tinh d6 dai dwong phan giac trong theo do dai cac
canh ctia tam giac ABC.

. DB EB DB EB DB + DC EB + EC DB + DC EB + EC
DC EC DC EC DC EC EC - ED EC
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BC EB + EC EC — EB EB + EC
= = = = .
EC -ED EC EC-ED EC

St dung tinh chit day ti s6 bang nhau ta cd:

EC-EB _EB+EC _EB+EC-EC+EB _ 2EB

EC-ED EC  EC-EC+ED  ED
EB+EC 2EB EB+EC 2 2 1 1
— = = = _——= — —_
EC ED EB.EC ED ED EB EC
.DB EB MB-MD ME-MB MB-MD ME-MB
DC EC  MC+MD ME+MC MB+MD ME+ MB

= (MB — MD)(ME + MB) = (ME — MB)(MB + MD)

= MB.ME + MB? — MD.ME — MD.MB = ME.MB + ME.MD — MB? — MD.MB
= 2MB? = 2MD.ME = MB? = MC? = MD. ME.

4) Ta c6 EB.EC = (EM — MB)(EM + MC) = (EM — MC)(EM + MC)

= EM? — MC? = EM? — MD.ME = EM(EM — MD) = EM.ED.

Lén bac THPT déi v&i cac ban chuyén todn dwoc hoc vé hang diém diéu hoa,

khi dé cac em sé c6 cich ti€p cin khoa hoc va day da hon.

3.Pinh ly Céva
Cho tam giac ABC va cac diém A’, B’, C’ l1an lwot thudc cac canh BC, CA, AB.
Khi d6 AA’, BB’, CC’ dong quy khi va chi khi
AB" cA’ BC'
B'C'A’'B'C'A

Chirng minh:

Chiéu thuan AA’, BB, CC’ dong quy tai I. Khi
do ky hiéu Saigc = S1, Sarca = Sz va Spiag =
S;. Goi H va K 14an lwot 1a hinh chiéu ctia A va

AB"  AH _ S

A ! z .
Clén BB’ ta cé: sl

Twong tu ciing c6: & = 323 8¢ = &
gt g "A'B S; C'A S,
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5.1. MOT SO BAI TOAN CO' BAN CO NHIEU Y HOI

DPay chi yéu la nhitng ¥ co ban dwoc dwa vao dé cac em cé birc tranh
toan canh vé sw lién két gitta cidc doi twong. Hoc sinh cé thé dung dé xir ly
cac bai tAp kho hon vé sau. Vi vy cac em c6 gang nhé 14y cac két qua dic
biét nay. Trong do, mot s6 y (danh cho hoc sinh gidi) c6 s dung cac kién
thirc bén ngoai sach gido khoa théng thwérng. Tuy nhién cac kién thirc nay da

dworc tac gia dé cap va chirng minh twong doi chi tiét & trén.

Bai toan 5.1.1. (Bai todn lién quan dén trwc tdm tam gidc)

Cho tam giac nhon ABC ndi ti€p dwong tron (0; R) c6 AM, BN, CP la ba
dwong cao cat nhau tai H.

1. Goi I 1a trung diém cta BC. Chitrng minh rang:
a) Cac tir gidc BPNC, ANHP la tir giac noi tiép;
b) Bon diém P, N, I, M ciing thudc mét dwong tron;

2. Gia thiét rang AB > AC, dudng thang vuéng goc véi HI tai H cat AB, AC
twong trng tai R va T. Chirng minh H 1a trung diém cda RT;

3. Chitng minh AP.AB = AN.AC = AH.AM va BP.BA + CN.CA = BC?;
4. Chtrng minh rang H 1 tAm dwdng tron nodi ti€p tam gidc MNP;

5. bwong thang AM, BN, CP cat duwong tron (0) tai D (khac A), E (khac B) va
F (khéc C):

a) Chirng minh ring H va D d6i xirng véi nhau qua BC. Tinh ban kinh duwong
tron ngoai ti€p tam giac BHC;

b) Chirng minh EF // NP;

6. Vé dwong kinh AK, chirng minh rang:

a) OAC = BAM va OA vudng goc véi NP;

b) BHCK Ia hinh binh hanh;

c) 01 // AM va Ol = - AH;
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d) Goi G 1a trong tAm cua tam giac ABC. Chirng minh ba diém O, G, H thang
hang va 0G =~ GH;

7. NP ct BC tai Q, QA cat (0) tai L. Chirng minh t gidc ALPN ndi tiép va |, H,
L thing hang;

8. Chirng minh QH vudng goc voi Al;

9. Chérng minh ring Syapc = 5 R. (MP + PN + MN);

10. Cho BC c6 dinh, hdy xac dinh vi tri ctia A dé:

a) Chu vi tam giac ABC la 1én nhat;

b) Chu vi tam gidc MNP la nhé nhat;

c) Dién tich tam gidc AHN dat gia tri I&n nhat;

d) Tim gia tri Ién nhat cia tich MH.MA;

e) Chirng minh rang d6 dai PN khong phu thudc vao vi tri cua A.

Phan tich hwéng giai va binh luan:

1. D€ chitng minh t giac noi tiép thi tét nhit 1a cic em st dung dinh nghia.
Trong trweong hop st dung cac dau hiéu khac hoc sinh nén chitrng minh lai.
a) Theo baira CP | AB va BN _| BC nén cac tam giac BPC va CNB la cac tam
giac vudng.

PI Ia cic dwong trung tuyén ng véi
canh huyén BC nén IB = IC = IP.

NI 1a cac dwong trung tuyén ong véi
canh huyén BC nén IB = IC = IN.

Suy ra: IB =1C = 1P = IN, do d6 BPNC
la t&r giac ndi ti€p dwong tron tim [
ban kinh ~BC -

Goi S 1a trung diém cta AH, khi d6 d6

NS la dwong trung tuyén rng véi canh

huyén AH cia tam gidc vuéng NAH
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nén SA =SH = SN = %AH. PS la dwong trung tuyén (rng véi canh huyén AH

cua tam giac vuéong PAH nén SA =SH =SP = %AH.

Suyra: SA=SH =SN =SP = %AH = ANHP la t giac ndi tiép dwong tron cé
tdm S 1a trung di€ém cda AH va ban kinh %AH -

b) Vi SN = SH nén tam giac SNH can tai S = SNH = SHN, IB = IN = AINB can
tai ] = INB = IBN.

Suy ra: SNH + INB = SHN + IBN = MHB + HBM = 90° = SNI = 90°.

Twong tw cling c6: SPI = 90°. Khi d6 cac tam giac SNI, SPI, SMI déu 1a cac
tam gidc vuéng chung canh huyén SI. Goi W 1a trung diém cua SI, khi do:

WN = WP = WM = WI = %SI = bén diém P, N, I, M cung thudc mdt duong
tron tam W, ban kinh = SI.

Dwa trén két qua nay cé thé chi ra dwoc: Pwong tron ngoai tiép tam gidc
MNP (dwong tron Euler) ¢é tdm la trung diém ciia HO va bdn kinh la %R.

Luu y: Tir SP1 = SNI = 90° cho ta thay SP va SN 1a tiép tuyén ctia dwéng tron

ngoai tiép tir gidAc BPNC hay ndi khac di 1a ta con thu dwoc két qua: Hai tiép
tuyén cia dwong tron (BPNC) tai P, N va AH dong quy.

2. Gia thiét rang AB > AC mang tinh chit
sw pham (dé cho hinh vé dwoc gon va
thdng nhat).

Tl C ké dwong thang song song véi RT

cit AB, AH I3n lwot tai U va V. Khi do: ‘
CV L IH (do CV // RT), HV | BC (do B 4 \

AM la duwong cao cua tam giac ABC)

C
= V Ia tryc tam cua tam giac HIC.

Suyra:IV | CH,maCH | AB=1V //AB
hay IV // UB. Vi I 1a trung diém ctia BC nén IV 1a dwong trung binh ctia tam
giac CBU = V 1a trung diém cua UC.
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Str dung bé dé hinh thang suy ra H cling 1a trung diém cuta RT.
Ngodai cdch trén cdc em cé thé diing céng géc dé chirng minh AARH <> ACHI
va AATH <> ABHI, tir dé ldp ti s6 déng dang va suy ra dwoc HR = HT.

3. Theo cau trén ta da c6 BPNC 1a tt gidc noi tiép nén PBC + PNC = 180° ma
ANP + PNC = 180° suy ra PBC = ANP hay ABC = ANP.

s . . . (ABC = ANP
Xét hai tam giac ABC va ANP co: {]X chung = AABC «» AANP (g-g)
AP _ AN

Do AM | BCva CP | AB nén APH va AMB la cac tam gidc vudng. Hai tam
giac nay cé6 PAH chung nén AAPH «» AAMB = % = %

= AP.AB = AH.AM. (2)
Tl (1) va (2) ta dwoc: AP.AB = AN.AC = AH.AM.

Bang cach chirng minh twong tw nhw trén ta thu dwoc cac két qua:

BP.BA = BM.BC va CN.CA = CM.CB
= BP.BA + CN.CA = BM.BC + CM.CB = BC(BM + MC) = BCZ.

4. Ta sé chira MH la phan giac ciia goc PMN.

That vay, chirng minh twong tw nhw trén ta sé chi ra dwgc: BPHM la tir giac
noi ti€p = HMP = PBH va CNHM la tir giac noi tiép = HMN = NCH. (3)
Mt khac, tit gidc BPNC néi tiép = PBN = NCP hay PBH = NCH. (4)
Két hop (3) va (4) ta duwoc: HMP = HMN hay MH Ia phan giac ctia géc PMN.
Twong tw cling c6 HP 1a phan giac caa géc MPN.

Do do6 H chinh la tim dwong tron ndi ti€p tam gidc MNP.

5. Dé thuan loi cho viéc quan sat, chung ta vé lai hinh nhw dwéi day.

a) Chirng minh twong ty nhw & y dau tién ta sé chi ra dwgc ANMB la tir giac
ndi tiép. Suy ra NAM = MBA hay CAD = EBC.
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Ma CAD = CBD (cung chan cung CD)

= EBC = CBD hay BM la phan giac cia géc HBD. Xét tam giac BHD c6 BM
vlra la dwdng cao cling la dwong phan gidc = ABHD can, khi d6 BM cling la
dwong trung tuyén. Do viy H va D d6i xirng véi nhau qua BC.
Liac nay BC chinh Ia trung truc cia HD. Xét hai tam gidc BHC va BDC c6:
BH = BD
CH =CD = ABHC = ABDC.
BC chung
Do tam giac BDC ndi tiép dwong tron
(0; R) nén ban kinh dwong tron ngoai
ti€p tam gidc BHC ciing bang R.
b) S dung két qua phan a, ta sé dwoc P
la trung diém cda HF, N 1a trung diém
ctia HE. Do d6 NP la dwong trung binh
trong tam giac HEF, suy ra EF // NP.

6. Goi ] 1a giao diém cta OA va NP.
a) Do tam giac OAC cin tao O nén st dung dinh ly vé tdng ba géc trong tam

gidc ta cé: 20AC + AOC = 180° = OAC = 90° — ~AOC.
Ma ABM = ABC = AOC suy ra: 0AC = 90° — ABM = BAM.

Theo trén ta di c6 PBC = ANP hay ABM = AN]J. Xét tam giac ANJ c6 ANJ +
JAN = ABM + BAM = 90° = AJN = 90° hay OA vudng géc véi NP.

Lwu y: Ta c6 thé chitng minh OAC = BAM theo cach khac nhw sau: vi ABC =
AKC (cting chin cung AC) = OAC = BAM (cuing phu véi géc ABC). Ngoai ra
AK, AD 13 hai dwirng dang giac trong goc BAC (d6i xirng nhau qua phan giac
goc BAC). Cac em c6 thé tham khao thém céc tai liéu vé duwdng dang giac,
dwong déi trung véi rat nhiéu tinh chat hay va dwoc sit dung trong mot sé
dé thi hoc sinh gioi, dé thi vao 1&p 10 chuyén Todan, Tin cac tinh thanh (chang
han nhw dé thi vao 1&p 10 chuyén Tin cia Ha Ndi nam 2025).
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Phin VI. TOAN THUC TE

Gan day toan thwc té xuat hién twong d6i nhiéu trong cac dé thi hoc
sinh gidi, dé thi khao sat chit lwgng hoc sinh, dé thi vao 1ép 10 THPT. Hoc
sinh mudn 1am t&t thé loai nay thi trwdc tién phai ndm virng kién thirc co
ban trong sach gido khoa. Tiép dé la phai phan loai dwgc bai toan doé thudc
dang nao va khi d3 xac dinh dwoc dang thi c6 mot nguyén tic giai 1a chuyén
tlr bai toan thwc t€ sang mo6 hinh toan hoc. Pay la thao tic quan trong va
cling twong doi kha, doi hdi cac em phdi c6 nhirng trdi nghiém, hiéu dwoc
ngon ngir cudc song thwong nhat, doc nhiéu, lam nhiéu dé dé tich liy kinh
nghiém.

CAc bai toan dwa ra kha phong phd va da dang, tuy nhién cé thé chia thanh
bon loai co ban sau day:

® Cuwc tri hinh hoc.

® Bai todn téi wu.

® Bai todn suy ludn.

® Cdc bai todn cé chiva yéu td thwe té khdc.

Bay git chung ta sé cung di vao tim hiéu, phan tich tirng dang toan thuc té
qua nhirng vi du tiéu biéu dwdi day.

6.1. CAC BAI TOAN CU’C TRI HINH HOC

bé lam dwoc dang nay, hoc sinh cin doc va phan tich ki dé bai. St
dung cac kién thirc da hoc nhu: bat dang thirc tam giac, chu vi, dién tich... dé
dwa ra dwoc diéu kién rang budc gitta cac dai lwong dau vao. Quan trong hon
nita 12 cAn nim virng cong thirc tinh dién tich xung quanh, dién tich toan
phan, thé tich cta cac hinh co ban: hinh hép chir nhit, hinh 1p phwong, hinh
lang tru ... d€ dwa yéu cau vé mo hinh toan hoc. Tir day két hop vdi mot s6
phwong phap nhu: chitng minh trwc tiép, dung cac bat ding thirc ¢4 dién...

dé di tim gia tri nhé nhat, gia tri 1én nhat cta nhirng biéu thirc do.

Bi QUYET GIANH PIEM TUYET POI MON TOAN 495 |



Bai toan 6.1.1. Trong budi thim quan da ngoai, moi 16p khéi 9 dwoc

chuin bi mdt tdm bat hinh chir nhat ABCD cung loai, c6 chiéu dai 10 m va
chiéu rong 6 m; véi M, N 1a trung di€m cac canh AD, BC (hinh 1).

CA x(m D Hinh 2

Mai 1ép str dung tAm bat nhw trén dé dung thanh chiéc 1éu c6 dang hinh
lang try dirng tam giac (hinh 2); hai day hinh lang tru la hai tam giac can:
tam giac ADM va tam giac BNC, v&i do dai canh day ctua hai tam gidc can la
X (m). (TAm bat chi dung dé dung thanh mai 1éu, khéng trai thanh day
[8u). Tim x dé thé tich khéng gian trong l8u l1a 1&n nhat.

Phan tich hwé'ng giai va binh luan:

Pay bai toan trich trong dé minh hoa ctia S& Gido duc va Pao tao Ha Ngi cho
ky thi tuyén sinh vao lép 10 THPT, theo Chwong trinh GDPT 2018, kém
thong bao s6 2998 /TB-SGDDT ngay 28/08/2024.

Theo bat ding thirc tam gidc thi 0 < AD < AM + MD hay 0 < x < 6.

Vi M 14 trung diém ctia AD (hinh 1) nén MA = MB =2 = 3 (m).

Goi H 1a hinh chiéu vudng géc
cua M lén AD nhw hinh bén.
Do tam giac MAD can tai M
nén MH ciling la dwdong trung
tuyén, nghia la H 1la trung

diém ctia AD va AH = z (m).

St dung dinh ly Pythagoras v&i tam giac vuong HMA ta cé:
HM? + HA? = MA?
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HMZ = MAZ — HA? = 9_@)2:9_2_2.

Suyra:HM = |9 — 2—2 (m).

Dién tich day MAD cuta hinh lang tru la:
== =2 _xt 2

SMAD = ZADMH = 2X. 9 3 (m )

Khi d6 thé tich ctia hinh lang tru xac dinh bai:

VmaBNBc = Smap - MN

—110x [9-C=5x [9-%
2 4 4

2 4
_ _E — X (m3
—5xJ9 4—5J9x2 7 (m*).

Ta bién doi:

VMABNEC = 5\/81 - [("2—2)2 ~29% 4 81] - 5\/81 - (X—ZZ - 9)2.

vi(Z- 9)22 0nén81 — (X - 9)2 < 81. Suy ra:

VmasnBc < 5V81 hay Vyapnge < 45.
2
D4u “=" x4y ra khi: X; — 9 = 0= x =32 (théa min); x = —3+/2 (loai).
Vay két luan: khi x = 3v/2 (m) thi thé tich khong gian trong léu lén nhat va

gia tri 16n nhit twong ¢ng la 45 m3.

a? + b?
2

Ngodi ra cdc em ciing cé thé str dung bdt ddang thikc co’ bdn ab < dé gidi
quyét bai todn trén nhw sau:

VmasNBc = Smap - MN
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Diu “=" xay ra khi g = ’9 — };—2, gidi phwong trinh nay véi diéu kién x > 0 ta
ciing thu dwoc x = 3v/2 nhuw trén.

C6 thé thdy rdng viéc tao ra chiéc 1éu véi canh ddy x = 3v2 khéng don gidn
v&i nhidu hoc sinh. Nhung néu dé'y rdng 32 + 32 = (3v2)? hay MA? + MD? =
AD? khi doé tam gidc MAD vudng tai M (dinh ly Pythagoras ddo). Do dé cdc em
chi can dwng léu sao cho hai ddy la cdc tam gidc vuéng cdn. Ttr ddy ndy ra suy
nghi rdng chiing ta con cé thé gidi theo cdch don gidn hon niva nhw sau:
VmaenBc = Smap - MN = 10. Smap.

bé VMAB.NBC dat glé tri 16n nhat thi SMAD phél 1é6n nhat.

Goi E Ia hinh chiéu vudng goc ctia A 1én MD, khi do:

Smap = 3 AE.MD =2 AE <> AM =

N]joe N

Slly ra VMAB.NBC = 1O'SMAD <10-=-=45.

Dau “=" xay ra khi AM | MD, stt dung dinh ly Pythagoras ta dwoc:
AD? = MA? + MD? =18 = AD = 3v2 hay x = 3V2.

Tuy nhién van khuyén cac ban wu tién cach doc hiéu va chuyén tir bai toan
thwc té sang mé hinh toan hoc nhw hai cach dau tién.

Bai toan 6.1.2. Mgt tdm bia hinh vuéng cé canh

|

24 cm. O m0i géc nguwoi ta cat di mot hinh vudng :
rd by ~ A N A ~ by =N _I
nho (nhw hinh vé) roi gap 1én dé tao thanh chiéc

hop c6 dang hinh hop chir nhat khéng nap.

Tim d6 dai canh hinh vuéng nhé phai cit dé
chiéc hop thu dwoc c6 thé tich 1é6n nhit. i '

Phan tich hwéng giai va binh luan:

biéu kién: 2x < 24 hay x < 12.
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Khi d6 do dai canh hinh vuéng day hop 1a 24 — 2x (cm) va thé tich chiéc hop
dwoc xac dinh béi cong thirc:

V =x(24 — 2x)? = 4x(12 — x)?
= 2[2x(12 — x)(12 — x)] (cm?).

Str dung bat dang thirc Cauchy v&i ba s6 ta co:

V=2[2x(12 — x)(12 — x)] L

_ _ 3
S2(2X+12 :+12 x) — 1024, 4 ox

Diu “=" xdy ra khi 2x = 12 — x hay x = 4 (th6a mén).

Vay ta phai cat moi goc mdt hinh vudng nho co6 canh 1a 4 cm d€ chiéc hop thu
dworc cé thé tich 1é6n nhat.

Bai toan 6.1.3. Co6 hai chiéc coc cao 10 m va 30 m dit vuéng goc véi mat
dat tai hai vi tri A va B. Biét riang khoang cach

gitra hai coc 1a 24 m. Nguwoi ta dat mot cai chot & ‘
vi tri M trén mit dat, nam gitra hai chan coc dé ;
gidng day noi dén hai dinh C va D cta hai coc K
(nhw hinh vé). Héi ngwoi ta phai dat chét cach vi - g« ’
tri A mot khoang bang bao nhiéu dé tong do dai Se. o

cua hai soi diy do 1a ngan nhAt.

Phan tich hwéng giai va binh luan:

Bai toan nay trich trong dé thi HSG mo6n Toan lép 2
9, tinh Thanh Hoa, nam hoc 2024 - 2025. el
Goi E la diém d6i xirng cia C qua A. Khi d6 AB la ey
trung truc cua CE nén tam giac MCE céan tai M. - ¢

Theo bat dang thirc tam gic thi: N, Se

MC + MD = ME + MD > ED. e

u__n

DAu “=" xay ra khi E, M, D thang hang nghia la Er'
M = N, trong d6 N 1a giao diém cta ED v&i AB.
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Str dung hé qua cta dinh ly Thalés két hop véi tinh chat cha ti 1€ thie ta co:

AN _AE _ AC AN _  AC
NB BD BD _ AN+NB AC+BD
AN AC AB.AC 24.10
hay — = = AN = = =
AB ~ AC+BD AC+BD 10+ 30

Nhu vay, dé€ dé tong d6 dai cua hai soi dy do6 1a ngin nhit thi chdt M phai
cachAla 6 m.
Ngoai ra cdc em ciing c6 thé gidi bai todn trén theo mét cdch khdc nhw sau:

bat AM = x (m) (diéu kién 0 < x < 24). Khi d6 st dung dinh ly Pythagoras:

MC = VACZ + AMZ = vxZ + 102 va MD = vBMZ2 + BD? = /(24 — x)? + 302
nén: MC + MD = Vx2 + 102 + /(24 — x)2 + 302.

Str dung bat dang thirc Minkowski ta cé:

VxZ +102 + /(24 — x)2 + 302 2 /(x + 24 — x)2 + (10 + 30)% = 8/34.

Suy ra: MC + MD 2 v/34. Dau “=" xay ra khi 1X—0 = 243; = = x = 6 (thdéa mén).

Bai toan 6.1.4. (Pé thi tuyén sinh vao lép 10 THPT Chuyén DHSP Ha N,

mén Todn chung, ndm 2025) B c
N/ i

P

Cho hinh 1ap phwong ABCD.A'B'C'D' c6
canh bang 30 cm. Trén canh AB ldy cac A
diém M va R sao cho AM = MR = RB.
Ban Lan liy mot soi day tir diém M di
qua cac canh A'B', C'D’, CD lan lwot tai )
cac diém N, P, Q. Tim gia tri nhé nhit A
ctia tbng MN + NP + PQ + QR. A D

| L

Phan tich hwéng giai va binh luan:
D€ gidi bai tdp dang nay chung ta st dung k§y thuat “trai hinh” nhw hinh vé
dudi day:
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A A D' D
Khi d6: MN + NP + PQ + QR = MR.
D4u “=" xay ra khi M, N, P, Q, R thang hang.
St dung dinh ly Pythagoras ta co6:
MR? = ME? + ER? = 120% + 102
MR = 10+/145. Vay GTNN ctia tdng MN + NP + PQ + QR 13 10v145 cm.

Bai toan 6.1.5. Trong gi¢ thwe hanh vé hinh

hoc trwc quan, hoc sinh cat miéng bia hinh

vuong nhw hinh bén va gdp thanh hinh mot
hinh chép tr giac déu. Biét cac canh hinh

vudng c6 do dai 10 cm va OM = x (cm).

Tim x dé thé tich hinh ch6p déu thu dwoc la

16n nhat.

Phan tich hwdng giai va binh luan:

A - B
A - A .\"s - "’"
Diéu kién: 0 <x < 5. LT : PO
LA TS 1 e’ e
, DA , o n . n . \\ \‘ ‘s~~ |M”,' P 'l
Ky hiéu cac diém trén hinh vudng nhw hinh RN S o
- n ” . , , \ \ RARR ’ ’
vé bén, st dung dinh ly Pythagoras ta tinh % ‘;(\ ix :,.:’ !
. Q A ’, \\l” \\ ’
dU'Q'C. h———-:x::.*“;;r\:-—-;; ‘—P-&--—--q
MN2 = OM2 4+ ON2 = x2 4 x2 = 2x2 doel NN
— + = X“ 4+ X° = 2X°. I, Re \\\ : ',' ~ \\
2 2 2 R Ar. S N
AM* = AE“ + EM F gt oo P1 R, SN
Y B4 P g ] “o AT Y
2 2 2 ’,,I"— : s\..\\\\
=5+ (56 —x)* =x“—10x + 50. D.’»' - 4

Sau khi gip 1én tao thanh hinh chép thi chiéu cao h dwoc xac dinh béi:
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h = VAM2 — OM2 = Vx2 — 10x + 50 — x2 = v/50 — 10x (m).
Khi d6 thé tich hinh chép la:

1 1 21 E0 = 10x = 2\/_ %
Ta bién d6i: V2 = %x’*(S —X) = Z—Of(x) vai f(x) = x*(5 — x).
Dw doan gia tri 1én nhat caa f(x) dat tai x = 4, ta xét hiéu:

f(x) — f(4) = f(x) —256 = —(x—4)?>(x>*+3x>+8x+16) <0V 0<x<5.
32\/_

> f(x) <256 = V2 <2256 > V <

o__ "

Dau xay ra khi x = 4 (théa man).

Viy v&i x = 4 cm thi thé tich hinh chép déu 1é6n nhit va gia tri 1o6n nhit
32v10 3
- :

twong &ng la cm

Ngoai ra cac em ciing c6 thé sir dung bat ding thirc Cauchy dé tim gi tri lén
nhat cua f(x) nhw sau:

1(X+X+X+X+20—4X

f(x) = x*(5 — x) =ix4(20 —4x) <= - )5 = 256.

“w__n

Diu “="xayrakhix = 20 —4x=>x = 4.

Ta cling thu dwoc két qua twong tu.

Bai toan 6.1.6. O mot géccuaaolang B C

hinh chi* nhat, nguoi ta dong mot
chiéc coc tai vi tri E (nhw hinh vé).
Khoang cach tix E téi bor AB, AD déu
bang 2 m. Sau dé ho dung ciy sao,

than dwoc budc vao coc sao cho né cé

thé trwot hodc quay xung quanh E, A D
hai ddu M, N tiép xiic véi bor d€ ngan mot goc nho va tha béo tai twong tao
canh quan ciing nhw cai tao mdi treong nwdc. Xac dinh chidu dai ngan

nhdt ctia cay sao can dung (bdé qua dwong kinh cda cay sao va coc).
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Phan tich hwéng giai va binh luan:
Nhw hinh vé bén, ta dat AM = x (m); B C
AN =y (m). Khi dé:

SaaMN = Saaem + SaaeN

:>%xy=%2x+%2y$xy=2(x+y)

T (x —y)?20= (x+vy)? = 4xy

2

2
Str dung két qua nay ta dwoc: 2(x +y) = xy < % =>x+y=28.

Theo dinh ly Pythagoras thi: MN? = AM? + AN? = x? + y2.

Sir dung bét dang thirc co ban ta c6: x? + y? >~ (x +y)? 25+ 82 = 32,

Suy ra: MN? > 32 = MN = 4+/2. D4u “=" xay ra khix =y = 4.

Vay chiéu dai ngan nhAit cda ciy sao cin ding 1a 4v2 m.

Bai todn sé tré nén khé khdn hon véi gid thiét khodng cdch tir E téi AB, AD
khdc nhau. Chang han khodng cdch tir E t&i bor AB, AD lin lwot 1 m va 8 m.
Khi do twong tw nhw trén ta co:

SaaMN = Saaem + SaaeN

Lor — L 1 — 8§, 1_
=>Exy—zx+28y=>xy—x+8y=>x+y— 1.

Theo dinh ly Pythagoras thi:
MN2 = AM?2 + AN?2 = x2+y2 = (x— 10)? + (y — 5)% + 20x + 10y — 125

=(x—10)2+(y—5)2+10(2x+y)(§+§)—125

— (v — 2 _ £y X Y

= (x—10)%+ (y = 5) +20(y+4 X)+45.
Sfrdungbéitdﬁngth&cCauchytacé:§+4-%22 §-4-i—’=4.

Kéthop véi (x — 10)2 4+ (y — 5)? =2 0 tadwoc: MN? > 0 + 20.4 + 45 = 125
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= MN = 5v/5. D4u “=" xay ra khi x = 10; y = 5 (thda min).
Vay chiéu dai ngdn nhit cia ciy sao can dung 1a 5v5 m.
Néu bai toan yéu cau xac dinh gia tri nhé nhat ctia dién tich tam gidc AMN,

khi d6 cic em st dung bat dang thirc Cauchy:

Xy =x + 8y = 2,/x.8y =2,/8xy = (xy)? =32xy = xy > 32.

u__n

Suy ra: Spamn = %xy > 16 hay Spyamn = 16. Dau “="xay rakhix = 16;y = 2.

Bai toan 6.1.7. Hai mwong nwéce (P) va (Q)
thdng v&i nhau nhuw hinh vé bén. Biét rang

(S}
3
T

b cia mwong nwdc (P) vuong goc voi bo

cia muwong nwdc (Q) va chiéu réng cta 2

muong nwdc déu 1a 2 m. Mot thanh go MN M

(coi nhw thiét dién khéng dang ké) troi tir 2m
Q)

muong (Q) sang mwong (P).

Tinh do dai 16n nhit cha thanh go sao cho n6 cé thé troi ma khong bi

vuong.

Phan tich hwéng giai va binh luin:

Ky hiéu cac diém dic biét trén hai bo cia cdc mwong nwéc nhu hinh vé.
F

>
w

Trwéc hét ta sé tim hai diém E, F sao
cho E, C, F thang hang va EF c¢6 do dai
ngan nhit.

-
/’

Twong ty nhw bai toan trén, dat AE = x
(m), AF =y (m).

Khi d6: Spagr = Saarc + Saarc

:>ixy=12X+12y=>xy=2(X+y)
2 2 2 E Q)

T (x—y)220= (x+y)? = 4xy
= xy < EEN° +4Y)2 :

504 DUNG CHO HOC SINH ON THI VAO LOP 10 TRUNG HOC PHO THONG



Str dung két qua nay ta dwoc: 2(x +y) = xys%:& X+y=8.
Theo dinh ly Pythagoras thi: EF? = AE? 4+ AF? = x? + y2.

T (x—y)220=>x% —2xy +y? 20 =>x?% +y? > 2xy
=>x2+y2+x%+y?2x?+y?+ 2xy
=2(x2+y)z2(x+y)2264=>x%+y?232

= EF? = x? +y2 232 = EF 24v2.Ddu“="xayrakhix=y = 4.

Nhuw thé dé€ thanh gd MN c6 thé troi tir mwong nuwdc (Q) sang mwong nuwdc
(P) ma khong bi vieéng thi MN khong virot qua gia tri nho nhat ctia EF nghia
13 MN < 4+/2. Vay do dai Ién nhit ctia thanh gb 13 4V2 m.

Trong treong hop chiéu rong ctia hai mwong nwéc khac nhau thi tuy thudc
s6 liéu dau vao ma hoc sinh cé cich lam cu thé nhw da trinh bay & bai trwéec.

Bai toan 6.1.8. Tai cing mot thoi diém, c6 hai ngwoi & hai vi tri A, B cach
nhau 1000 m. Ngw¢i thir nhat & vi tri B di c

YA V4 YL A N \ N 7’ '
vé phia A v&i van téc 2 m/s va nguwoi thi

hai di tir A vé phia C v&i van toc 1,5 m/s.

Biét rdng AB va AC vudng géc voi nhau

(nhw hinh vé). Hay cho biét sau bao nhiéu Vt\
®

gidy thi khoang cach gitra hai nguwoinayla 4 M U

nhod nhat.

Phan tich hwéng giai va binh ludn:

Pay bai toan trich trong dé minh hoa cia S& Gido duc va Pao tao tinh Ba Ria
- Viing Tau cho ky thi tuyén sinh vao 1&p 10 THPT, nam hoc 2025 - 2026.

Goi t (gidy) 1a thoi gia di chuyén cua ca hai nguoi (t> 0).
Khi dé ta tinh dwgc: MB = 2t (m) = AM = [1000 — 2t| (m) va AN = 1,5t (m).

MN sé la khodng cach giita hai nguoi trong qua trinh di chuyén. S dung
dinh ly Pythagoras v&i tam giac vudng AMN ta co:

MN? = AM? + AN? = (1000 — 2t)% + (1,5t)*
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Phan VIL. MOT SO YEU TO THONG KE
VA XAC SUAT

Trong cac linh vuc ctia Toan hoc, thong ké va xac suat c6 &ng dung
thuc té to 1é6n doi véi cudce song hang ngay. Pac biét trong thoi dai cong nghé
théng tin hién nay, véi s6 lwong dit liéu khong 16 chwa tirng ¢6, kién thirc xac
sudt thong ké cang phat huy dwoc tac dung.

Trong khuon kho dé thi véi mirc d0 nhan biét, thong hiéu, viéc tinh xac suit
khong kho, tuy nhién doi hoi cdc em phai ndm that virng ly thuyét trong sach
gido khoa va ly luan chat ché.

7.1.MOT SO YEU TO THONG KE

Bai toan 7.1.1. (Pé minh hoa ctia S¢ Gido duc va Pao tao Ha Noi cho ky thi
tuyén sinh vao Iép 10 THPT, theo Chwong trinh GDPT 2018, kéem théng bdo
s6 2998/TB-SGDDT ngay 28/08/2024)

1. Sau khi diéu tra s0 hoc sinh trong 40 1&p hoc (don vi: hoc sinh) nguoi ta

c6 biéu d6 tan s6 ghép .
nhém dwdi day:

Tim tan s6 ghép nhom va

|
10 10

tan sO0 twong doi ghép °

nhom cuia nhém [40; 42). E s I I >

2. Hinh vé& bén mo6 ta mot o _— 1 _ .

[34;36) [36;38) [38;40) [40;42)

Tansé (n)

dia tron bang bia cing

| S& hoc sinh
dwoc chia lam 12 phan bang nhau va ghi cac s6 1, 2,
3, .., 11, 12; chiéc kim dwoc gan c¢6 dinh vao truc
quay ¢ tam cua dia. Xét phép thir “Quay dia tron mot

lan” va bién co M: “Chiéc kim chi vao hinh quat ghi so

chia hét cho 4”. Tinh xAc suit ctia bién cd M.
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Phan tich hwéng giai va binh luan:

Thuc té thi trong mot s dé thi, thdng ké va xac suit thuwdng ndm trong cling
mot cau. Vi thé tac gid xin phép dwa vao ca bai toan do thay vi chia theo cac

chuyén muc twong rng.

1. Tlr bi€éu d6 tan sd ghép nhém ta lap bang tin s6 ghép nhém:

Nhom Tan s6 (n)
[34; 36) 15
[36; 38) 10
[38; 40) 10
[40; 42) 5
Cong N =40

Twr day ta tinh dwoc:
® Tén s6 ghép nhém ctia nhém [40; 42) 1a: n, = 5.

® Téan so twong dodi ghép nhom cua nhém [40; 42) la:

f, =—-100% = 12,5%.

Lwu y: Hoc sinh cling c6 thé tinh tryc ti€p ma khong can 1dp bang tan sé.

2. Xét phép thir “Quay dia tron mot Ian”. Ta thiy cac két qua xay ra cua phép
thir d6 1a ddng kha ndng. Tap hop cac két qua cé thé xay ra véi phép thir la:
Q = {hinh quat ghi s6 1; hinh quat ghi s0 2; hinh quat ghi sé6 3;

hinh quat ghi s6 4; hinh quat ghi s6 5; hinh quat ghi s6 6; hinh quat ghi s0 7;
hinh quat ghi s6 8; hinh quat ghi s6 9; hinh quat ghi s6 10; hinh quat ghi s6 11;
hinh quat ghi s6 12}.

SO phéan ti chia tap Q la 12.

Cac két qua thuan lgi cho bién c6 M la: hinh quat ghi so 4; hinh quat ghi so 8;
hinh quat ghi so 12.

Ta thay c6 3 két qua thuan loi cho bién co nay.
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. 37 s ~ 7 Y ~ N 3
Khi dé xac suat cua bién cd M la: P(M) = o=

=

A ’ A 2 = A n b 1
Vay xac suat cua bién co M la i

Bai toan 7.1.2. (Pé thi tuyén sinh vao lop 10, TP. Ha Noi, ndm 2025)

1) K&t qua khao sat 300 hoc sinh 1&p 9 vé thoi gian tw hoc cia moi ban

trong mot tudn (don vi: gio) dwoc cho trong bang tan s6 ghép nhéom sau

day:
Thoi gian
[0; 4) [4; 8) [8;12) | [12;16) | [16;20)
tw hoc (gio)
S0 hoc sinh 17 72 94 75 42

Xac dinh tan so va tin s6 twong doi cia nhom [12; 16).

2) Mot hop cé 8 chiéc thé cung loai, mdi thé dwoc ghi mot trong cac sé 1,
2,3, 4,5, 6,7, 8; hai thé khac nhau dwoc ghi hai s6 khac nhau. Rat ngiu
nhién mot thé trong hop. Tinh xac sudt cta bién c6 A: “S6 ghi trén thé rat

dwoc 1a mot so chia hét cho 3"

Phan tich hwdng giai va binh luan:

a) Dt liéu tir bang tan s6 ghép nhom cho ta tin sd cia nhom [12; 16) 1a 75.
Do dé tn s6 twong d8i ciia nhém [12;16) 1a: — - 100% = 25%.

b) Ta thiy cac két qua xay ra ddi véi viéc rut ngau nhién mot thé tir hop 1a
déng kha nang. Tap hop cac két qua cé thé xay ra khi rut la:

Q1 = {thé ghi s0 1; thé ghi s6 2; thé ghi s6 3; thé ghi s0 4; thé ghi s 5;

thé ghi s6 6; thé ghi sd 7; thé ghi s6 8}. SO phan t cia tap Q 1a 8.

Cac két qua thuan lgi cho bién c6 A la: thé ghi so 3; thé ghi so 6.

Ta thdy c6 2 két qua thuan lgi cho bién c6 nay.

. w2 ¥ B o om R TN 2 1
Khi d6 xac suat cua bién co A la: P(A)=§=Z-

A r d N 3 - N N LY 1
Vay xac suat cua bién co A la a
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Bai toan 7.1.3. (Pé tham khdo ctia S& Gido duc va Dao tao TP. Hé Chi Minh
cho ky thi tuyén sinh vao lop 10 THPT, ndm hoc 2025 - 2026)

Bién do nhiét 1a khoang cach chénh léch gitra nhiét d6 cao nhat va nhiét do
thip nhat trong : T .
Nhiét do: Nhiét d¢ cao nhat, thap nhat cac ngay trong tuan

cuing mét khoang 4«

3
36 35 36 a5 ki 36 i
thoi gian nhdtdinh N
26 25 25
A \ A - 24
(mdt ngay, mot s - s
20
thang, mo0t nam, 15
4 \ A :U
..) cua cung mot .
0
Thir 2 Thir3 Thu 7

Vl\lng dla 1)’7 Bléu Thir 4 Thirs Thir 6

Chi nhat

do C('_jt kép dudi B Nhigt dd caonhdt  m Nhigt 06 thap nhat

day biéu dién nhiét d6 (do C) cac ngay trong mot tuan tai TP. H6 Chi Minh.
a) Trong tuan nay, ngay c6 bién dd nhiét 1én nhat ctia TP. H6 Chi Minh la
thir may?

b) Chon ngiu nhién mot ngay trong tuan, tinh xac suit cla cac bién c6

sau: A: “Ngay dwoc chon cé nhiét dd cao nhit khéng qua 35°C”.

B: “Ngay dwoc chon cé bién do nhiét nho hon 12°C”.

Phan tich hwéng giai va binh luan:

a) Tl bi€u d6 cot kép, ta cé bién dd nhiét ctia cac ngay trong tuin la:

Thr hai Thir ba Thitw | Thitnam | Thi¥sau | Thi bay

36-26=10 | 35-24=11 | 36-27=9 | 35-25=10 | 37-25=12 | 34-23=11

Vay ngay c6 bién d6 nhiét 1én nhat trong tuin ctia thanh phé H6 Chi Minh la
thir 7.

b) Ta thay s6 ngay c6 nhiét dd cao khéng qua 35°C Ia 3 (ngay).
Suy ra s0 phan ti ctia bién cd A la 3.
S& ngay c6 bién d6 nhiét nhé hon 12°C1a 5 (ngay), viy n(B) = 5.

Twr d6 tinh dwoc: P(A) = ;Vé P(B) = ; ’
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Bai toan 7.1.4. (Pé thi vao Iép 10 chuyén Todn, TP, Ha Néi, ndm 2025)

Giai boi cia mét trwedrng trung hoc co sé ban dau chi c6 hoc sinh khéi 6, 7
va 8 dang ky tham gia v&1i so liéu hoc sinh dwoc cho nhw trong biéu do cot
kép & hinh bén.

N{r mNam
Ngay trwéc khi gidi dau 14 T

SX 5 & . 12
dién ra, c6 thém 6 hoc sinh 10

=
o

nam khoi 9 va moét s6 hoc
sinh nir khéi 9 dang ky bo

sung. Biét riang ti 1é hoc

o N B~ OO

sinh nit so v&i tong sd hoc a6 ch&i7 i
sinh dang ky tham gia giai
trwdre va sau khi cac hoc sinh khoi 9 dang ky bo sung la khéng thay doi.

Tim s6 hoc sinh nit khéi 9 da dang ky thi du.

Phan tich hwéng giai va binh ludn:

T bi€éu do cot kép ta thay:

So hoc sinh nit tham gia giai boi ban daula: 8 + 7 + 5 = 20 (hoc sinh).

SO hoc sinh nam tham gia giai boi ban dau la: 12 4+ 10 4+ 8 = 30 (hoc sinh).
Tong sd hoc sinh ban dau la: 20 + 30 = 50 (hoc sinh).

? Py ~ . a~ s = ~ ~ . . N 20 2
Ti1€ s6 hoc sinh nit so v&i tdng so hoc sinh tham gia la: YT

Goi x (x € N*) 1a s6 hoc sinh nir khéi 9 b6 sung, khi dé:

SO nir tham gia giai la: 20 + x (hoc sinh).

S0 hoc sinh nam la: 30 + 6 = 36 (hoc sinh).

Tong s6 hoc sinh tham gia giai 1a: 20 + x + 36 = 56 + x (hoc sinh).

Do ti 1&é hoc sinh nit so v&i tong sé hoc sinh dang ky tham gia giai trwéc va
sau khi cac hoc sinh khéi 9 dang ky b6 sung la khéng thay déi nén ta cé

< 5 20 2
phwong trinh: > tx

—=C=2x=4% (théa man).

Vay c6 4 hoc sinh nit khoi 9 da dang ki thi dau.
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Phan VIIL. CAN TAC VO U
F&TTH

Trong chuyén muc nay tac gid dé cap dén nhitng 16i thwong gip cua
hoc sinh khi giai todn: do thi€u cin trong dan t&i viée 1y luln chwa chat ché
hodc chwa vét hét cac trwong hop nén két qua khéng day da. Cac dang toan
lién quan rat nhiéu nhw: chirtng minh dang thirc, bt dang thirc, gidi phwong
trinh, hé phwong trinh, bat phwong trinh, hinh hoc, lwgng giac, xac suat
thong ké, ... & tit ca cac cip hoc tir THCS dén THPT. Chud yéu & day la vé sai
hinh, thwc hién cac phép toan nhan chia, nang bac liiy thira... ma khong chu y
diéu kién hodc mac nhan, bo quén trwong hop.

Bay gi¢r chiing ta sé cung xem xét k§ hon van dé da néu qua cac bai toan cu
thé dwdi day.

Bai toan 8.1. Cho tam gidc ABC nhon (AB > AC) ndi tiép dwong tron (0).
Ké AH la dwdong cao cua tam giac ABC. Goi D va E theo thit tw 1a chan
dwong vuong goc ké tir H téi AB, AC.

a) Chirng minh t giac ADHE ndi tiép;

b) Ké HN vuéng goc véi DE tai N, tia AN cat dwong tron (0) tai 1 (I khac
A). Chirng minh: AED = ABC va AE.AC = AN.AI;

c) Tia DE cat BC tai M. Chirng minh MI | HL

Phan tich hwéng giai va binh luan:

Pay khong phai bai toan kho, tuy nhién c6 rit nhiéu hoc sinh “khéng dwoc
diém nao” véi ly do kho chdp nhan 1a “vé sai hinh”. Qua thuc vo cung dang
ti€c vi véi mot dé thi ma hong bai hinh dong nghia véi viéc chi dat khoang 6
dén 7 diém. Khi 4y co hoi dé cac em thi dd rat mong manh!
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C6 nhiéu bai toan néu veé sai
hinh sé& khéng thé lam dwgc
nhwng doi v&i bai toan nay
cho du AB > AC hay AB < AC
thi cac két qua can ching
minh van dung. Sw khac
nhau giitra do dai AB, AC la
diéu kién dé tat ca hoc sinh
déu cé hinh vé twong dong,
nghia 1a DE cat BC kéo dai

vé phia B hodc C (tat nhién phai kém theo quy wéc thir tw vé bién thi méi

thuc sw thong nhat). Ciling chinh vi Iy do don gidn 4y ma nhiéu em chd quan

khéng doc ki dé hoac khong kiém tra lai sau khi hoan tit chirng minh (dac

biét cac em hoc sinh gidi
thwong lwét qua deé, chi
chu trong dén viéc lam thé
nao dé tim ra loi giai
nhanh nhat).

Tro lai bai todn:

a) DoHE | ACvaHD | AB
nén  AEH = ADH = 90°,
Khi do6 cac tam giac EAH va
EDH déu la cac tam giac

vuong, ching cung ndi ti€p

dwong tron dwong kinh AH nén t& giac ADHE ndi ti€p.

b) Nhu trén ta da chirng minh dwec tit gidc ADHE noi ti€p

= AED = AHD (cung ch&n cung AD).

Ma AHD = DBH (cung phu véi géc AHD) hay AHD = ABC.

Do vay AED = ABC.

Ma ABC = AIC (cung chin cung AC) = AEN = AIC.
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A ch
Ta xét 2 tam giac AEN va AIC co: ,.S ungA ) _ )
AEN = AIC (theo chirng minh trén)
= AAEN > AAIC (g-g) =5 = 20 = AEAC = AN.AL

¢) Trwéc hét ta sé cung phan tich dé tim hwéng giai cho bai toan:
Mic du dang can chirng minh nhwng ta cir gia st c6 MI _| HI = tir giac MNHI
ndi tiép = HIN = AMN. Ma AMN = AHN (cling phu véi géc NHM)

__ AN

= HIN = AHN = AANH > AAHI (g-g) =~ = 2= = AN.Al = AHZ.

Di2u nay c6 thé chirng minh dé dang tir két qua phan trén: AN.AI = AE.AC

= AH? theo hé thirc lwgng trong tam giac vudng HAC va dwong cao HE. Day
ciing chinh 14 diém bat du cho cong viéc clia chung ta!

Tré lai bai toan, theo két qua phan (b) ta c6 AE.AC = AN.AL

St dung hé thirc lwong trong tam giac vuong HAC va dwdong cao HE ta co

AEAC = AH? = AN.Al = AH2 = 2 = 28,
AH ~ Al
AN AH
Xét 2 tam giac ANH va AHI c4: {AH Al
A chung

nén AANH <> AAHI (c-g-c) = AHN = AIH.

Ma AHN = NMH (cung phu véi goc NHM) = ATH = NMH hay NTH = NMH.
Pay la hai dinh lién ti€p cha t& giac MNHI = MNHI la t& giac ndi tiép.

Khi d6: MNH + MIH = 180°.

Suy ra: MIH = 180° — MNH = 90° hay MI | HI.

Bai toan dwgc chirng minh.

Ngodi ra, hoc sinh ciing cé thé cdn cie vao bai todn “gid trwc tdm H” quen biét
dé gidi bai todn trén.

Goi F 1a giao di€ém ctia AM véi (0). Khi @6 t& giac BCED noi ti€p nén st dung
b6 dé cat tuyén cat nhau ta c6:

MF.MA = MC.MB va MC.MB = ME.MD = MF.MA = ME.MD

= tir gidc ADEF ndi tiép.
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Bai toan 8.3. M6t cong ty cin thué xe dé van chuyén 35 tin hang tir bén
xe dén kho cach 15 km. Pon vi cho thué xe chi co6 hai loai xe. Loai xe thit
nhit moi xe ché dwoc 8 tdn hang véi gia thué 1a 1,2 triéu dong cho mdi
lwot van chuyén. Loai xe thit hai méi xe ché dwoc 10 tAn hang cé gia thué
14 1,7 triéu déng cho mdi lwgt van chuyén. Hoi chi phi thué xe nhoé nhét

ma cong ty phai trd dé van chuyén hét s6 hang trén la bao nhiéu.

Phan tich hwéng giai va binh luan:

Ta goi x va y 1a s6 lwot ma cong ty can thué xe 8 tin va 10 tin dé tré hét s6
hang trén. Piéu kién: x, y € N.

Do khéi lwgng hang hdéa cin van chuyén la 35 tdn nén: 8x + 10y > 35.

Tong chi phi ma cong ty phai trala: T = 1,2x + 1,7y (triéu dong).

Twr8x + 10y =>35=4x+ 5y=17,5.Dox,y € Nnén 4x + 5y > 18.

Tabién d6i: T = 1,2x + 1,7y = 0,3(4x + 5y) + 0,2y.

O Néuy=0thi4x218=>x24,5=>x25 (doxnguyén)=T = 6.

O Néuy=1thi4x>13=x23,25=>x 24 (dox nguyén)
=T=>124+17.1=6,5.

® Néuy = 2, khi dé: T = 0,3(4x + 5y) + 0,2y 2 0,3.18 + 0,2.2 = 5,8.

D4u “=" xay ra khi x = y = 2 (théa man).

Tir cac trwedng hop trén ta thdy rang: phi thué xe nh6 nhit ma céng ty phai
tra d€ van chuyén hét s6 hang trén 13 5,8 triéu dong.

Lwu y: D6i véi bai toan nay hoc sinh khong dwoc hi€u 1a 8x + 10y = 35 ma
phai 1a 8x + 10y = 35. Bén canh d6 khong dwgc st dung danh gia dong thoi
y = 0 va 4x + 5y = 18 d& c6 dwoc: T = 0,3.18 + 0,2.0 = 5,4. Béi vi khi d6 céc
em khong thé tim dwoc kién xdy ra ddu dang thirc véi x, y nguyén.

Bai toan 8.4. Cho x, y 1a cac s6 thwc khong Am théa min x? + y? = 1.

Tim gia tri 1&n nhat cda biéu thire: S = vVx + 2\/;.
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Phan tich hwéng giai va binh luan:

Str dung bat dang thirc Bunhiacopxki ta c6:

S? = (LVx+2yy) (1 +4)(x+y)=5(x+y).

Tiép tuc dung Bunhiacopxki mét lan niva:
x+y)2<2(x*+y?)=2=>x+y<v2.

Suyra:S2<5V2 = S <+/5v2.

Viéc di tim can trén nhw vay la chwa t6t bdi 1€ dau “=" xdy ra khi

Vx=2
x=y  hénayvénghiém nén khong thé kétluan GTLN ctia S 1av/5v2.

x*+y*=1
bé lam dwoc, ta tham s6 hda va viét S dudi dang:
S=Vx+2,y=zvax+ /dy véia> 0.
Khi d6 stt dung bat dang thirc Bunhiacopxki ta c6:
1 2 n
52 = (ﬁ\/ﬁ+,/4y) S(;—I— 1) (ax + 4y) (%)

va(ax +4y)? < (a® + 16)(x® + y?) =a? + 16 > ax + 4y < Va? + 16.

D06 5*< (2 +1)VaTF 165 5< |(2+1)VaT+ 16

- 3
(V& _ [T a=2v2
< R X =
Dau “=" xay ra khi: ia_z = 1+232
la_n} = 3z
e =
epye=1 L l1+2%2

2 ) N - , ’ N P 2 3 N 2 ~ <
Tré lai bai toan, lic nay cac em chi cin chon a = 23/2 va st dung bat ding

thirc Bunhiacopxki hai [an nhw trén sé thu dwoc két qua: gia tri 1on nhat cia

Sla \/(§+ 1)\/32 T 16.
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TAI LIEU THAM KHAO

1. DBé thi tuyén sinh vao 1&p 10 THPT cta cac tinh (thanh phd).

2. Dé thi tuyén sinh vao 1ép 10 THPT Chuyén DPHSP Ha Noi.

3. Dé thi tuyén sinh vao 1¢p 10 THPT Chuyén KHTN - PHKHTN - DPHQGHN.
4. Pé kiém tra kién thirc 16p 9 dinh ky cda cac xa (phwong), tinh (thanh phd).
5. Tap chi Toan hoc va Tuoi tré.

6. CAc chuyén dé Seminar cia H6i Toan hoc Ha Noéi (HMS).

Ngoai ra c6 mdt s6 bai toan tham khdo va swu tAm trén Internet
nhung chwa xadc minh dwoc rd tac gid cia chung, do vy khong thé ghi trich
din & day. Mong rang tac gia cha nhitng bai toan dé néu c6 cAm trén tay

cuon sach nay thi hét sirc thong cdm. T6i xin tran trong cam on.
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