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T4c gia: Nguyén Kim S&

Hoi Toan hoc Viét Nam

CAC KY HIEU TOAN HOC THONG DUNG DUNG TRONG TAI LIEU

1. IMO : Cudc thi hoc sinh gidi toan qudc té.

16. Y, x; : TOng x1 + X2 +..+ Xn (tOng

2. VMO : Ky thi hoc sinh gi6i quoc gia Viét Sigma).

Nam.

3. PHKHTN : Pai hoc Khoa Hoc Tw Nhién.

4. PHSPHN : Pai hoc Sw Pham Ha Noi.

5.N: T4p s6 tw nhién.

6. N*: Tap cac s6 nguyén duong.

7.7 : Tap cac sd nguyén.

8. Q: Tép sO hiru ty.

9.R: Tap s6 thuec.

10. @ : TAp rong.

11.a i b:achia hétchob.

12.d|m: d la wéc s6 cia m.

13. 'CLN(a; b) : Uéc s6 chung 1é6n nhit cua
2s6avab.

14. BCNN(a; b) : B6i s6 chung nho6 nhit cua
2s06avab.

15. (a; b) = 1 : Hai s6 a va b nguyén t6 cung

nhau.

17.1}e4 x; : Tich x1.x2 ... Xn.

18.n!': Tich n s6 nguyén dwong dau tién.

19. [x] : Phan nguyén cda s thuc x, 1a s
nguyén khong vwot qua x.

20. {x} : Phan 1é ctia s6 thuc x, {x} = x - [x].
21. BDPT : Bit diang thirc.

22. VT : V€ trai.

23. VP : V& phai.
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Chuyén dé ndng cao
Tim gia tri nhé nhat, 1'n nhat cia biéu thirc...

Db6i véi dang todn nay, rat nhiéu hoc sinh nhit 1a & bac THCS khi gap con b&
ng® va lung ting vi trong chwong trinh SGK chwa dé cip nhiéu vé cach giai.
M4u chét van 12 danh gia, st dung thanh thao cac bat dang thirc thong qua
bién ddi co ban vé dang tong hoic hiéu ctia biéu thitc khong dm(binh
phwong, tri tuyét ddi...) hoac théng qua cac bat dang thic c6 dién quen
thudc nhw Cauchy, Bunhiacopxi, Svac-xo...

CAC KIEN THU’C CAN NHO'

1. P€ tim gia tri 1o'n nhat (GTLN) cua biéu thirc f(x,y,z...) ching ta phai
tuin tha va thuc hién day da 3 buéec:

Buéc 1: Timcantréen Amaf(x,y,z...) SAvéimoix,y, z...

Bwéc 2: Chiral b6 (Xo, Yo, Zo...) ma f(Xo, Yo, Zo...) =A

Bwéc 3: Két ludn GTLN cua biéu thirc 13 A.

2. Dé tim gia tri nhoé nhat (GTNN) cia biéu thirc f(x,y,z...) ching ta
phai tuin thu va thwc hién day da 3 buéec:

Buédc 1: Tim can dwdi Bma f(x,y, z...) 2 Bvéimoix, y, z...

Buwdc 2: Chira 1 b0 (xo, yo, Zo...) ma f(xo, yo, Zo...) = B

Budc 3: Két ludn GTNN cta biéu thirc 13 B.

Luuy:

Néu thiéu mot trong cac bwédre trén thi 1o gidi khong day dua, thim chi cho
~N 2 . ~ 7 ~N A . A 7 1 3 N\

két qua sai! Pa c6 rat nhiéu hoc sinh phan tich x4+ x2 + 1 = (x2 + 5)2 +

d6 két luan GTNN cita biéu thirc x#+ x2 + 11a-!
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CAC PHEP BIEN POI CO BAN

Dang toan nay rat hay gip trong nhwng ndm gan diy. Thuong dwédi dang
bat dang thirc hodc tim gia tri nhd nhAat, gia tri 16n nhat...cé diéu kién. D
lam dwoc doi héi hoc sinh phai c¢6 kinh nghiém, tw duy nhiy bén, tinh té va
str dung thanh thao cac hang dang thirc co ban, cac bién d6i co ban. Dic
biét lwu y: day la dang bai kho6 va néu bién déi qua da rat dé dan dén mat
phwong hudéng trong viéc di tim loi giai.

a2>0vdimoia€R.

Néua € [0; 1] thi: am<arvéimoim,nE€Nvam = n.

Néu a € [-1; 1] thi: az < |a]

|a+b| < |a|+|b| véi moia, b €R.

D4u “=" xay ra khi va chi khi a.b > 0.
5.+/a++vb =+va + b véi moi a,b € R..

DAau “=" xay ra khi va chi khi a.b = 0.

6. Bat dang thirc tam giac: Cho a, b, c1a d6 dai 3 canh cia mot tam giAc,
khido |b-c|<a<b+c

7.Néua<x<bthi(x-a)(x-b)<0.Diu “="xay rakhivachikhix=a
hodcx =b.

~N
N

1.
2.
3.
4.

Ngoai cac cac bién doi co ban thi phwong phap déi bién cling hay dwoc st
dung dé€ dwa vé nhirng bai toan quen thudc véi dieu kién dé chiu hon. Cu
thé nhu sau:

* Néu bai todn cho a € [0; 2] thi nén ddtx=a-1hodca € [3; 5] thidiatx=a
- 4. Muc dich dé quy vé x € [-1; 1] khi d6 x2 < |x].

* Néu diéu kién choa=2; b > 3...thidita=x+ 2; b =y + 3. Muc dich dé quy
vé chung khodng x, y = 0 khi d6 viéc stt dung diéu kién sé thdng nhat va dé
giai hon!

* Néu diéu kién va dang bat dang thirc ddi xtrng(vai tro cac bién nhw nhau)
thitacéthégidsta<b<c..hodcx<y<z..makhonglam gidm tinh tong
quat caa bai toan.
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Bai toan 1:
Véix,y, zl1a cac so thwe khong Am thoa man x2 + y2 + z2 = 1, tim GTLN
cla biéu thirc S = x2 + y8 + 72022 - Xy - X7 - yZ.

Lovi giai:

Thuc chit bai toan nay cht yéu HS cin nhanh nhdy, danh gia dwa vao diéu
kién chir khong thé bién do6i thém dwoc gi tir S.

Cuthé tlr gid thiétx,y,z=20vax2+y2+z2=1=0<x,y,z< 1 nén st dung
nhan xét trén ta co:

y8 <y?2, 72002 <72vaxy+yz+zx 20
=>S=x2+y8+72022 _ (xy+xz+yz)<sx*+y2+z2=1
Mat khac véi changhan x=1;y=z=0thiS=1.

Vay gia tri l1én nhit cia Sla 1.

Bai toan 2:
Chocacséthuc0 <x,y,z<2vathéaminx+y+z=3.
Tim GTNN va GTLN cta biéu thirc S = x2 + y2 + z2,

Loi giai:
bé tim GTLN ching ta str dung cach dat an phu va quy vé BDT co ban nhw
sau:

bata=x-1;b=y-1;c=z -1.Khid6-1<a,b,c<1lvaa+b+c=0.

KhidéS=x2+y2+z2=(a+1)2+(b+1)2+(c+1)2=a2+b2+c2+2(a+b+
c)+3=a’+b%2+c2+3
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Via,b,ce[-1;1]=>a2+b2+c2<|a| + |b| +|c]|.

Theo nguyén tac DIRICLET thi trong 3 sd a, b, ¢ phai c6 it nh4t 2 s§ cing
diu(quy wéce s6 0 cing dau véi moi so thue). Khong lam gidm tinh tong
quat c6 thé coidélabvac.Khidé |a| + [b| + [c| = |a]| + |b+c|=|a| + |-a| =
2|a| < 2.

Do vy S < 3+ 2 = 5. D4u “=" xay ra khi va chi khi (a, b, ¢) 1a cAc hoan vi cia
(1; -1; 0) hay (x,y, z) 1a cadc hoan vi cta (0; 1; 2). Viy gia trin 1én nhit cia S
la 5;

Db6i véi GTNN that don gidn, trS=a2+ b2+ c2+ 3 = S> 3. Diu “="xdy ra
khiva chikhia=b=c=0hayx=y=z=1.Viy kétlun gia trin 1&m nhit
cua Sla 3.

Bai toan 3:
Cho cacs6thuc0<x,y,z < 1théam§mx+y+z:§.
Tim GTNN va GTLN cta biéu thirc S = x2 + y2 + z2,

[Dé thi Olympic I&p 8 qudn Hoang Mai - Ha NGi 2020 - 2021]

Loi giai:
Ta dbi bién nhwsau: dita=2x-1;b=2y-1vac=2z-1,khidé-1<a,b,
c<lvaa+b+c=2(x+y+z)-3=0.

a 1-b 1-c

=24 (24 (5

3 1 3
2oZ(a2+b2+c2)+2
+c)+4 4(a +b +c)+4_

Lacnay S=x2+y2+z2=( )2:%(a2+b2+c2)—%(a+b

Chirng minh twong tw nhw trén ta duwoc 0 < a2 + b2 + c2< 2 suy ra:

<S<

Sl

.Déthé’yvé'ixzyzz:%thiS:%,vé’ichénghanX:1;y:%;Z:0thi

3
4
S

5
s
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Vay két ludn GTNN ctia S 1a Z va GTLN cua Sla z.

Bai toan 4:
Cho cacsO6thwc0<a,b,c<1théamana+b+c=2.
Tim GTNN va GTLN cta biéu thtrc S = be , @

+ +
1+ab 1+bc 1+ca

[Dé thi HSG todn Iép 9 TP. Ha Noi ndm 2021 - 2022]

Loi giai:
Tim GTNN ta lam nhw sau:

Vid<ab,c<s1=>(1-a)(l-b)2z0=>1-a-b+ab=20=a+b<1+ab.
<1

\ , a+b
Tw do suy ra
y 1+ ab

> , ~ , b+c . c+a
Bang cach twong tu ta cling co: <1lva
: 1+ bc 1+ca

<1

Mit khéc, khong gidm tinh tong quat ta c6 thé gid sit 0 < a < b < c. Khi dé:

ab bc ca 1 1 1 2
S= + + =3 - + + )=3 ——(
1+4ab 1+bc 1+4ca 1+ab 1+bc 1+ca 1+ab 1+ bc
2
1+ca)
_ (a+b+c a+b+c+a+b+c)
1+ab 1+ bc 1+ca
o a+b+c a+b+c a+b+c ~
batP = + + ta thay:
: 1+ab 1+ bc 1+ca
a+b b+c a+c C a b C a b
= + + + + + <3+ + + <3+
1+ab 1+bc 14ca 1+ab 14+bc 1+ca 1+ab 14+bc 1+ca
C a b

+ +
1+ab 14+ab 1+4+ab

at+tb+c 5 1
=>P<3+——<3+a+b+c=5=2S8>3-=-==
1+ab 2 2

DAau “=” xay ra khi va chi khi (a; b; ¢) 1a hoan vi cta (0; 1; 1).
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Vay GTNN ctia S la %

Tim gia tri l'n nhat:

1 1 1

Bién doi twong tw nhw trén S=3 - ( + + )
: 1+ab 1+bc 1+ca

. 1 1 1 , Ny 32 .
batQ = + + , st dung bat dang thirc Svac-xo:
: 1+ab 1+bc 1+ca :

1 1 1 9
Q= + + > .
1+ab 1+4+bc 1+ca 3+ab+bc+ca

Mat khéc stt dung bat dang thirc quen thudc (a + b + ¢)2 = 3(ab + bc + ca)

4 27 27 12
Suyraab+bc+ca<-=Q2—=>S<3-—=—,
3 13 13 13

“_n

D&u “=” xay ra khiva chikhia=b=c=2.

3

Vay két luin: GTLN cua S la %

Bai toan 5:
Cho x,y 1a cac s6 thwc khéng 4m théa mén x2 + y2 = 4,
Tim GTNN cua biéu thirc S = x + 2y.

[Dé thi tuyén sinh vao I6p 10 THPT TP.Ha Noi ndm 2022 - 2023]

Lo giai:

Tathdy S=x + 2y suy ra: S2 = (x + 2y)2 = x2 + 4y2 + 4xy = (X% + y2) + 3y2 +
4xy = 4 + 3y? + 4xy.

Vix,y€ER:+=>3y?2+4xy=>0.Dod6S?>24=S=>2.
DAau “=" xay ra khi va chikhix=2; y = 0.

Vay két ludn GTNN cua S 1a 2.
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Loi binh:
Ddy la bai todn(0.5d) bién do6i khd don gidn nhuwng cé I€ la ciing bdt ngo véi

nhiéu ban hoc sinh. B&i da phdn cdc bai tdp dang nay sé nhw sau:

Cho x2 + y2 = A. Tim GTLN va GTNN ctia biéu thirc S = ax + by va cdc ban da
quen vdi biéc sir sung bdt dang thiec Bunhiacopxki. Tuy nhién diéu kién “x,y la
cdc s6 thwe khéng adm” trong trwong hop nay thwe sw thdch thivc cdc ban!

Bai toan 6:
Véi a, b, cla cac s6 nguyén dwong théa man diéu kiéna +b + c = 16.
Tim gia tri l&n nhit va nhé nhat cta biéu thirc:
a+b b+c c+a
P= + +
C a b

[Dé thi HSG todn Iép 9 TP. Ha Noi ndm 2022 - 2023]

Loi giai:

Doi véi bai todn nay rat nhiéu ban sé bién doi vé dang cé thé sir dung bat
2 7 A . 7 ~N « » 2 . 16 *

dang thirc Cauchy. Tuy nhién, khi d6 dau “=” xayrakhia=b =c = ey ¢ N

dan dén két qua khong phu hop véi yéu ciu dé ra.

Do vay védi cac dang bai tip nay chdng ta bat budc phai st dung cac bién dai

co ban va tin dung tinh doi xirng ctia bai toan. Cu thé nhu sau:

Tim GTLN:

, w o~ o a+b b+c c+a 16 —c 16 —a 16 —b
Trwédc hét ta bién doi: P = Tt E et —

1 1 1
16 + = + = )-3(1)

Doa,b,ceN'vaa+b+c=16=>a=16-b-c<14=a€[l;14] > (a-
1(a-14)<0
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—a2-15a+14<0 = a2 +14s15a:>a+§s15=>

Q|

1
<—(15-a)

1 1 1
SE(15—b) va ; SE(15—C)

o'l

Bang cach twong tw ta thu duoc:

15.3

- si4(15 a)+—(15 b)+—(15— )_—-—( +b+c)——

D

+ - +

ol
alkR

Két hop véi (1) ta dwoc P < 16 —-3= 27 DAau “=" xay ra khi va chi khi (a;
b; ¢) 1a hoan vi cua (1; 1; 14).

Vay két ludn GTLN cta P la g

Tim GTNN:

Chiing ta van sir dung bién d6i P=16(> + = + = ) - 3 nhw da lam & trén.

Vi vai tro cua a, b, c nhw nhau nén ta cé thé gia str a < b < ¢ ma khéng lam
giam tinh tong quat cda bai toan.

. 4 \ 16 N AY *
Khldotu'a+b+cs30=>czgvav1ceN =>cCc=6.

v 7 2 N <2 e A X s 1 1 1 1
Mat khac st dung bat dang thirc cong mau Svac-xo ta co: St o =-4 (
12 12 1 4 1 4
—+ =)=- ==+
a b c a+b c 16 —c

bén day la twong do6i khé cho hoc sinh 16p 9! Néu véi hoc sinh THPT biét
4
16 — x

dung dao ham dé xét tinh dong bién nghich bién ctia ham s6 f(x) = i +

thi c6 1é phu hop hon.

Tuy nhién, dwa vao trwc giac c6 thé thiy néu c tiang th1 glam khong dang

PN 4
ke, con
16

tang nhanh hon nén c6 thé suy luin rz‘”mg ey dat gia tri

nho nhat 13 g taic = 6.

Ay A P | 4 17 17¢%2-182c+480 (c—6)(17c— 80
That vay, xét hiéu - + - = = = ( 2> 0doc
: : cC 16 —c 30 30c(16 — c) 30c(16 —¢)

-62val7c-182217.6-80>0.Vay P >16——3—1—5
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Mat khacvéic=6;a=b=5thiP :%.Ké'tluén GTNN cua Pléj—;.

BAI TAP TU GIAI
Bai 1. [Pé thi khdo sdt kién thirc I6p 8 - trwong THCS Cdu Gidy ndm 2023]

x? — xy +y?

Tim GTLN cta biéu thirc B = = ~voi X,y la cac s6 thuc va khong dong
X2+ Xy+y

thoi bang 0.

Bai 2. Cho cac s6 thucx,y,z € [0; 2] thdamdnx +y +z = 3.

Tim GTNN va GTLN biéu thirc S = x3+y3 +z3-3(x - 1)(y - 1)(z- 1).

Bai 3. V&i cac s6 khong am a, b, cthbamina+b + ¢ = 3.

Tim GTNN, GTLN cta biéu thic: S=v16a + 9 + V16b + 9 + vV16c + 9.
Bai 4. Cho x, y, z1a cac s6 thwc khong 4m théa manx +y + z = 4.

Tim gia tri I&n nhit va nhé nhat ctia biéu thirc S = x2 + y2 + 72,

Bai 5. Cho a, b, cla cac s6 thwc khong 4m théamana+b +c=1.

Tim gia tri nho nhit cta biéu thic:

_ 2 _ 2 _ 2
S:\/a+(b ) +\/b+(6 ) +\/c+<a b)
4 4 4

(con tiép)

Lép chuyén Toan thiy So

Lién hé: 093.464.1088
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TAI LIEU THAM KHAO

1. X. V. Conhiagin, G. A. Ténoian, 1. F. Sarwghin: Cac dé thi vo dich toan ctia
cac nwédc (Nguyén DE, Nguyén Khanh Nguyén dich tir tiéng Nga), Nha xuit
ban Hai Phong, 1993.

2. Dé thi HSG cac cap cua cac quin(huyén), tinh(thanh pho) trén ca nuwéc,
dé thi VMO, IMO.

3. Tap chi Toan hoc va Tudi tré.
4. Cac chuyén dé SEMINAR Héi todn hoc Ha Noi.

5. Cac website vé Toan hoc trong nwéc va nwéc ngoai.
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