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CAC KY HIEU TOAN HOC THONG DUNG DUNG TRONG TAI LIEU

1. IMO : Cudc thi hoc sinh gidi toan qudc té.

16. Y, x; : TOng x1 + X2 +..+ Xn (tOng

2. VMO : Ky thi hoc sinh gi6i quoc gia Viét Sigma).

Nam.

3. PHKHTN : Pai hoc Khoa Hoc Tw Nhién.

4. PHSPHN : Pai hoc Sw Pham Ha Noi.

5.N: T4p s6 tw nhién.

6. N*: Tap cac s6 nguyén duong.

7.7 : Tap cac sd nguyén.

8. Q: Tép sO hiru ty.

9.R: Tap s6 thuec.

10. @ : TAp rong.

11.a i b:achia hétchob.

12.d|m: d la wéc s6 cia m.

13. 'CLN(a; b) : Uéc s6 chung 1é6n nhit cua
2s6avab.

14. BCNN(a; b) : B6i s6 chung nho6 nhit cua
2s06avab.

15. (a; b) = 1 : Hai s6 a va b nguyén t6 cung

nhau.

17.1}e4 x; : Tich x1.x2 ... Xn.

18.n!': Tich n s6 nguyén dwong dau tién.

19. [x] : Phan nguyén cda s thuc x, 1a s
nguyén khong vwot qua x.

20. {x} : Phan 1é ctia s6 thuc x, {x} = x - [x].
21. BDPT : Bit dang thirc.

22. VT : VE trai.

23. VP : V& phai.
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Vai diéu suy nghi...

tir bai toan cia GS. Nguyén Van Mau

Theo Bertrand Russell: “Todn hoc khéng chi s& hivu chdn If ma con dn chira
bén trong dé vé dep tdi thwong, mét vé dep lanh lung va mdc mac, gibng nhw
mét birc diéu khdc, thudn khiét tinh diéu va cé khd ndng dat dén sw hoan hdo
chdt ché ma chi cé thir nghé thudt vi dai nhdt méi cé thé thé hién”. Nét dep
do6 dén tir nhirng con sd, tirng cach chirng minh. Nguoi ta noi rang cac nha
todn hoc miéu ta cac phwong phap chirng minh cia minh mét cach thanh
nha, phu thudc vao ndi dung ctia bai toan, ho cé thé:

- Chitng minh bang viéc stt dung mot cach it nhat cac gia thiét hay két qua
ban dau.

- Chirng minh bang cach bién d6i moét cach ngac nhién mot két qua tir
nhitng dinh ly twdng chirng nhw khong c6 mai lién hé gi véi bai toan.

- Chirng minh bang mot phwong phap hay hwéng di hoan toan méi mé.

- Chirng minh theo mét phwong phap tong quat, tir d6 cé thé gidi quyét
dwoc nhiéu bai toan twong tw khac...

Hay nhw GS. Ha Huy Khoai trong bai giang “NHI’NG CACH CHU’'NG MINH
KHAC NHAU CUA PINH LY EUCLID VE SU’ VO HAN CUA TAP HOP CAC
SO NGUYEN TO” ciing di chi ra: “..leo 1én dinh niii khong phdi la viéc duy
nhdt ctia chiing ta(vi 1én dé cé thé chi con viéc...quay vé!) ma chiing ta con
mudn tim kiém nhiing diéu thil vi trén con dwong di dén dé, con mudn ngam
nhin xung quanh, dé hiéu ré hon vi tri ma ta dang hwéng dén trong khung
canh chung cua cd khu rirng...”

Vé&i hoc sinh, sinh vién diéu d6 cang quan trong, ching ta nén khuyén khich
sw tim toi, sdng tao trong hoc tip cling nhw nghién ctru théng qua nhiéu
cach tiép can khac nhau, di tir A dén B theo dwong thang thwong sé dwoc
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coi 1a t8i wu, nhuwng néu ai d6 di vong qua C d€ dén B thi chwa han da la
khéng tot, bédi lan sau néu di téi D ma da dén C thi do6i khi ¢6 lgi hon nhiéu.

D

A

B

Tré lai v&i bai toan cta GS. Nguyén Van Mau dua ra trong muc 8: Phwong
phap tam thwc bac 2, bai toan 8.1(tam thic bac 2 dinh hwéng) tai
seminar H6i todn hoc Ha N6i 09/03/2023:

Bai toan (Nguyén Vin Mdu):
Cho x,y, zla cac s6 thwc théa man x2 + 2y2 + 5z2 = 1,
Tim gia tri I&n nhit cda biéu thirc S = xy + yz + zx.

DPay la bai toan kha kho véi cac ban hoc sinh(ké ca véi cac ban sinh vién khi
dung phwong phap nhan tir Lagrange - giai mot hé phwong trinh phitc tap
dé tim cac diém dirng thi viéc khoi phuc bai todn ban dau khi biét diéu kién
do cling khong dé chit nao). Thay da dwa ra loi gidi tuyét voi bang cach

cho z = 0 dé€ c6 dwoc dinh hwéng: chi xét S = %

ton tai nghiém cua phwong trinh bac 2 tim ra gia tri lo'n nhat cua S.

va tir do6 str diéu kién

Vay ngoai cdc cdch do ra liéu con phwong phdp nao khdc nira?

Néu suy nghi va ding & vai tro nguoi ra dé c6 thé nhan thiy: bang phwong
phap HE SO BAT PINH chiing ta ciing sé c6 101 giai don gian, c6 thé ap dung
dwoc cho hoc sinh 16p 7 — 8(phwong phap nay cling khong phai la mé&i mé
va da c6 rat nhiéu tac gia da viét).

Ta hay bat dau don gidn thong qua viéc theo ddi mot cach chirng minh khac
cho bat dang thirc(BDT) Nesbitt (mot trwdmg hop dic biét ctia BDT Shapiro
— dwaranam 1954):
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Bai toan 1 (BDT Nesbitt):

Cho a, b, c1a 3 s6 thuc dwong. Chirng minh rang P = b .

+ +
b+c c+a a+b

v
N W

Lovi giai:

bay la BDT quen thudc, cé rat nhiéu cach chirng minh nhw dung Cauchy,
Bunhiacopxki, Cauchy-Schwarz dang Engel, Chebyshev, Jensen(cho ham
16m)... hodc don gidn hon nhw d6i bién, bién doi twong dwong. Nhwng & bai
viét nay chung ta sé lam khac di mot chut:

b c a b

¥ 7 ~ 7 . 4 a
Bang cach chuanhéaa+b+c=1,khidoP = + + = + +
b+c c+a a+b 1-a 1-b

—— vbia, b, c €(0; 1].
1-c

Ta sé chimg minh - > 2 a — - véi v a€(0; 1] ()

A, A Q 9 1 3a—
Thatvay:— > - a— 1ol _O BDT dung.
: Y 1-a 4 4 4(1- a)
b 9 1 ¢ 9 1 .\ 4,
Hoan toan twvongty— = - b— — > - c— - tw do:
1-b 4 4 1-¢ 4 4
a b 3
+ +b+ ————
b+c c+a a+b (a b C) 2

{l ”»

D3iu “=" xay ra khi va chi khi a = b = c. Bai toan dwoc chitrng minh.

Vin dé véi hoc sinh 1a & ch6: 1am thé nao dé€ tim ra dwoc bat dang thic
phu (*) noi trén?

Déi voi lép 7 — 8 o thé dinh hwwéng nhw sau:

Ta sé di tim cac hang s6 m va n dé:
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WY

ma + n

E

> mb + n

=
o

o |

> mc + n

A N @ b c
Cong theo vé + + >m(a+b+c)+3n=m+3n
: b+c c+a a+b

. 3 1 1 . a
Nhu‘them+3n:5:>n:—§m+5,thayvao: > ma + ntaduwoc:

i2ma—1m+1=>(3a—1)[ S )

1-a 3 2 2(1-a) 3

Cho a = = thi —— = > tir d6 ta du do4n ring m = -~ 46 —— — = khi phan
3 2(1-a) 4 4 2(1-a) 3

tich cling c6 chira nhan tir (3a — 1).

ST

A ’ \ rd ~n \ N < 7 9
bay chinh l1a co s& dé ta tim ra bat dang thirc phu ﬁ = ca-

Déi voi hoc sinh lop cao hon:

Twong d6i don gian, khi da biét vé dao ham HS c6 thé dung phwong phap
ti€p tuyén dwa trén nhan xét: Cho ham sé'y = f(x) xdc dinh va lién tuc trén K,
khi do tiép tuyén tai xo € K (xo khéng phdi hoanh dj diém uén) cé phwong
trinh y = f(x0)(x - xo) + f(x0) thi trong mét ldn cdn cua xo ta luén co: hodc f(x)

2 f(x0)(x = Xo) + f(x0) hodc f{x) < f(x0)(x = Xo) + f(Xo).
Cu thé trong treong hop nay xéthamsé y = 1—)_(X trén (0; 1].

Casain PO T T 9 1, 1_9 1 .
Khi do6 tiép tuyén tai diém (5; E) co dangyzz(x—g) +5=.X—vatacing

thu dwoc két qua twong tw nhw trén.

Tré lai bai toan ban dau, du doan viéc sdng tac dé bai dwa trén bat dang
thirc hién nhién dang (ax — by)? + (cy — dz)? + (mz — nx)2 = 0 sé cho ching

. 4 A N 7 n n 1
ta dinh hwdng dé tim cac hé so thyc dwong a, b, ¢, k sao cho: xy < ax? + " yZ;

1 1 N2 1A .
yz < by? + —72; 7zx < cz2 + — x2 va thoa man hé phwong trinh:
4b 4c :
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fa+—:
4c
b+~ =2k
) 4a
1
C4_ZE:: Sk
\albc=l

Diéu kién cudi cung 1a dé€ ton tai ddu bang xay ra(chu y khéng dwoc ép k = 1
vi rdt c6 thé khi dé hé phwong trinh vé nghiém).

Tw abc = l=>~i=2bc;i=2ca;i=2:;1bthayvélo hé trén:
8 4a 4b 4c
a+2ab=k
b + 2bc = 2k
c+ 2ca =5k
he = 1
abc = 3

Tw b+2bc=2k=>2a(b+2bc)=4ka=>2ab+4abc=4ka=>k—a+%=4ka

2k+1 4k+1 __ 10k+1

—as= 2(4k+1)’ Twong ty b = 2(10k+1); €= 2(2k+1)’

2k+1 + 2k+1 4k+1

Thay vao phwong trinh dau tién ta thu dwoc: rakeD T 2 e 200k D

& 40k3-8k-1=0< (2k-1)(20kz+ 10k + 1) = 0.
. n 1 1 1 3 .\ a2, .
V1k>0nentachonk:5=>a=§;b=Z;C:E,tu’dotaco:
1 3 1 3 1 A x
XyS§X2+Zy2; yzszy2+zz; ZXSEZ2+EX2, cong theo vé ta duoc:

1 3 1 3 1 1 5 1
S=Xy+yz+zX<-X2+-y2+-y2+722+ —722+-xX2==-xX2+y2 +-72=—(x% +
yry 3 PR 2 6 2 Yot 2(

1
2y2+522):5.

=3
X =2y
~N «_»n rd . \ 4 ] y = ZZ
Dau “=" xay ra khi va chi khi: 1
Z==-X

3
x% +2y?+5z2=1
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N\ 2 A \ A A A 3 2 1
Vi chi can tim m6t b0 X, y, z nén ta chon(x,y, z) = (m; NoT \/ﬁ)'

Ké&t luan: GTLN ctia S 1a %

Bai toan 2 (USAMO 2003):
Cho a, b, c1a cac s thwe dwong. Chirng minh rang;

(b + c+2a)? (c+a+2b)? (a+b+20)?
2a%2+ (b+c¢)?2 2b2%+ (c+a)? 2c? + (a+ b)?

<8

Lo giai:

Bang cach chudn héaa + b + c = 1 ta dwa BDT da cho vé dang:

(1+a)? N (1 +b)? (1 + c)?
2a2+ (1-a)2 2bZ2+(1-Db)? 2¢2 + (1 - ¢)?

<8

Ta sé di tim cac hang s6 m va n dé:

( (1 + a)? < ma 4 n
222 + (1 — a)?2 —
{ (1 + b)” < mb + n
2b2 + (1 — b)?2 —
(1 + ¢)?
\2¢? + (1 — ©)?

< mc + n

Lam twong tw nhw Bai toan 1 ta thu dwocm = 4; n = % nghia la ta c6 bat

A+a) 404 % vsiva €(0; 1] ma viéc chirng minh
2a2+(1—-a)2 — 3 ’ . ©

4a+1
2a% + (1 —a)?

dang thirc phu:
khong khé[e —(3a — 1)2 < 0], tir d6 dé dang c6 dwoc loi giai
cho bai toan néu trén.

Tat nhién c6 nhirng bai toan khéng thé 4p dung ngay dwoc ma phai bién
doi, vi du:
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Bai toan 3 (swu tdm):

Cho a, b, c1a cac s6 thwc dwong théa man a4 + b* + ¢4 = 3.
A\Y 1 1 1
h@ng minh rang: + + <1.
C ung ang 4 —ab 4 — bc 4 —ca

DPay 1a bai toan doi xirng quen thudc va khéng thé lam khé dwoc cac ban
thanh thao st dung BDT Schur nhung c hdy thitr véi hé s6 bat dinh, do6
ciing la trai nghiém khong to6i chit nao!

Nhuw viy trong nhiéu trweong hop, phwong phap hé sé bat dinh té ra rit hiru
hiéu, gitip cho hoc sinh dw dodn hwéng di cho cac bai todn khé(véi nhiéu
dang khac nhau: nhw phan tich da thikc thanh nhan tir, bit dang thikc,
giai cac phwong trinh, hé phwong trinh, nguyén ham - tich phan...)
hodc chi it cling khong bi ling ting khi doc cac tai liéu(nhit 1a loi gidi
search trén mang internet) c6 nhitng bit dang thirc phu nhw kiéu trén troi
roi xuéng...

Thay cho l&i két, xin tam mwon 1oi cda TS. Tran Dinh Chiu — NGUT. TS.
bang Thi Thu Thuy[dang trong Tap chi Gido duc, S6 421 (Ki 1 — 1/2018), tr
33—35]

Di sdu khai thdc vé dep ctia todn hoc gitip HS thdy dwoc cdi hay, cdi dep cua
todn hoc va sw gan két giira todn hoc véi thuc tién. Qua dé, gép phdn gido
duc toan dién cho HS thong qua day va hoc mén Todn nhw: rén luyén tinh
kién tri, ti mi, tdng cwong ki ndng st dung céng nghé thong tin, khd ndng hi
hoa, thdm my, phdt trién tw duy gidi quyét vdn dé va sdng tao, tdp dwot
nghién citu khoa hoc... gitip cdc em thdy dwoc sw thi vi trong todn hoc, yéu
thich hoc tdp mén Todn hon ngay tir khi con ngoi trén ghé nha trwong.

b6 la nhitng mam non, ddi ngii k€ cin cho twong lai ctia nén khoa hoc nwéc
nha.

Ha No6i, ngay 03 thang 04 nam 2023
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TAI LIEU THAM KHAO

1. X. V. Conhiagin, G. A. Ténoian, 1. F. Sarwghin: Cac dé thi vo dich toan ctia
cac nwédc (Nguyén DE, Nguyén Khanh Nguyén dich tir tiéng Nga), Nha xuit
ban Hai Phong, 1993.

2. Dé thi HSG cac cap cua cac quin(huyén), tinh(thanh pho) trén ca nwéec.
3. Tap chi Toan hoc va Tuéi tré.
4. Cac chuyén dé SEMINAR Héi toan hoc Ha Noi.

5. Cac website vé Toan hoc trong nwéc va nwéc ngoai.
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