Mot sé chuyén dé

TOAN NANG CAO DANH CHO HOC SINH PHO THONG

www.toanhocvietnam.com

T4c gia: Nguyén Kim S&

Hoi Toan hoc Viét Nam

CAC KY HIEU TOAN HOC THONG DUNG DUNG TRONG TAI LIEU

1. IMO : Cudc thi hoc sinh gidi toan qudc té.

16. Y, x; : TOng x1 + X2 +..+ Xn (tOng

2. VMO : Ky thi hoc sinh gi6i quoc gia Viét Sigma).

Nam.

3. PHKHTN : Pai hoc Khoa Hoc Tw Nhién.

4. PHSPHN : Pai hoc Sw Pham Ha Noi.

5.N: T4p s6 tw nhién.

6. N*: Tap cac s6 nguyén duong.

7.7 : Tap cac sd nguyén.

8. Q: Tép sO hiru ty.

9.R: Tap s6 thuec.

10. @ : TAp rong.

11.a i b:achia hétchob.

12.d|m: d la wéc s6 cia m.

13. 'CLN(a; b) : Uéc s6 chung 1é6n nhit cua
2s6avab.

14. BCNN(a; b) : B6i s6 chung nho6 nhit cua
2s06avab.

15. (a; b) = 1 : Hai s6 a va b nguyén t6 cung

nhau.

17.1}e4 x; : Tich x1.x2 ... Xn.

18.n!': Tich n s6 nguyén dwong dau tién.

19. [x] : Phan nguyén cda s thuc x, 1a s
nguyén khong vwot qua x.

20. {x} : Phan 1é ctia s6 thuc x, {x} = x - [x].
21. BDPT : Bit diang thirc.

22. VT : V€ trai.

23. VP : V& phai.
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mot s6 phwong phap tinh tong

Danh cho hoc sinh gioilop 6 -7...

P& lam dwoc phan nay hoc sinh cdn ndm vitng cic kién thitc co ban, quy tac
vé d4u, nhan chia lily thira, quy dong mau s6, quy dong ti s (it gap)...Trong
cac ky thi hoc sinh gio6i cac khoi 6 - 7, ky thi phan loai danh gia chit lwong
day va hoc... thi diy 1a bai khong thé thiéu.

Ngoai viéc tinh gia tri biéu thirc c6 thé con két hop véi 1 s6 ¥ khdc nhw
chitrng minh bit dang thirc, so sadnh gia tri, tim diéu kién dé biéu thic
nguyén, tim x...Trwéc hét ta lam quen véi mot vai bai toan co ban sau:

Bai toan 1:

Cho s0 thuc a khc 1 va n 1a s6 nguyén dwong bat ky. Tinh cac tong sau:
1.S=1+a+a?+a3+..+a"

2.M=1—-a+a?2—ad3+..—ar(vdinlé)

3.N=1—a+a%—a3+..+a" (véinchan)

4 P=a+2a2+3a%+..+na"

Lo giai:

1. Phan a kha don gian, khi gdp cac bai toan dang nay ta chi can nhan 2 vé
cta biéu thirc can tinh véi co s6 chinh roéi sau d6 cong(védi tong dan diu)
hodc trir(véi tong thuin diu), cu thé:

TeS=1+a+a2+a3+..+an

Nhincad2vévéiatathudwoc:aS=a(l+a+a2+ad3+..+a")=a+a2+..+
an+an+1
Trir theo vé ta dwoc:aS-S=(a+a2+..+ar+an*1)-(1+a+a2+ad3+..+

n+1 _
a)=antl-1=(a-1)S=an*1-1=S5==2 .

a-1
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2.TxM=1—a+a?2—ad3+..—arsuyraaM=a-a2+a3-a*+..+ar—an+!

n+1

CongtheovEM+aM=1—-ar*l=(a+1)M= 1—an+1=>M=1;f:1
. " P ) 1+ aqnt?
3. Lam twong tw phan b ta c6 két qua: N = —

4. Thoat nhin biéu thirc c6 vé phirc tap, dic biét khi a 1a s6 htru ti cu thé nhw
1 1 A Ve X A ¥ A A ] ~ A
> 3-tuy nhién chung ta van thuwc hién bang viéc nhan véi co s6 thong

thwong:
P=a+2a2+3a3+..+na"=>aP=a2+2a% +..+(n—1)a"+nan+!
Trir theové: aP - P =[a2+ 2a3 + ..+ (n— 1)a" + nan+!

]-(@a+2a2+3a3+..+na")=nar*l-(a+a2+ad+..+a")=nar*1-a(l+a

a®-1  na™?-na"tl-qt+1
+az+a3+..+ar )= (a-1)P=nar+1- = p— , Suy ra

nan+2 _ nan+1 — an +1

P= (@a-1?

bay la nhitng tong liy thira rat hitu ich cho cac ban hoc sinh khi lam bai tap
nang cao hoac trong cac ky thi hoc sinh gioi khai 6-7.

Bai toan 2:
Tinh cac tong sau:
1.5=9+99+999 + ...+ 999 ...999

—_—
2023 chir s0 9
2.P=1+11+111+..+111..111

[ ——
2023 chirsd 1

3.Q=2+22+222+ ..+ 222 ..222

R —
2023 chir sd 2

Lovi giai:

1.DEyrang9=10-1;99=100-1=102-1;...; 999 ...999 = 102023 - 1

| —
2023 chit s4 9
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Dod6S=10+102+103+ ...+ 102023-2023 =10(1+10 + 102 + 103 + ... +

102023 _ 1
10202z2) - 2023 = 10. — s " 2023.

2.TathAyP=1+11+..+111..111=2>9P=9+99+ ...+ 999 ...999 .
2023 chirs6 1 2023 chirs6 9

2023 _
Str dung két qua phan trwéc ta cé ngay 9P =S = 10 % - 2023 suy ra:

P=%(10&j‘1 - 2023),

3.Q=2+22+222+ ..+ 222 ..222 = 2(1 +11+ 111+ ... + 111.. 111).

| —
2023 chir so 2 2023 chirsd 1

2023 _
Str dung két qua phan 2 ta dwgc: Q = 2P = %(1010—91 - 2023 )

Bai toan 3:

’ ~ 1 1 1
1. TinhtdngsauS=—+—+ ... + ———
1.2 21.3 ) %ozz.zozs
2.Chtng minhrangP= —+ =+ —+... + <1
g 8 22 32 42 20232

[Dé thi chon ddi tuyén hoc sinh giéi Todn lop 6]

Loi giai:

1. D&i v&i cac dang todn c6 “hiéu cac nhan tlir & mau s8” khong déi, chiing ta
thwong phan tich va str sung phwong phap “khir lién ti€p” nhw sau:

Nhan xét rang:

1_2-1_, 1.1 _1_1.1_1_ 1 | 1 1 1
1.2 1.2 2’23 2 334 3 4 720222023 2022 2023

< a 1 1 1 1 1 1 1 1 1
TdoS=—+— .t ————=1——4-—24 41— L —q4(=2

12 23 2022.2023 2 2 3 2022 2023 2

1 1 1 1 1 1 1
+=)+(—c+)+ .+ (= ) — >S=1-— —.

2 3 3 2022 20227 2023 2023
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Vé&i cach lam twong tw, ching ta cé thé tong quat héda bai toan dwdi dang
+ + .. :
1.23.k  23..(k+1) (mn-k+1)(n-k+2).n

2vécuaPvoi(k—1):

tinh téng P = bang cach nhan ca

. (k+1)-2 n—(n-k+1) _ 1 1
(k—1)P= 123k 2.3..(k+ 1) T m-k+1)(n-k+2).n 123.(k-1)  23.k
1 1 1 1
+ — + o+ - =
2.3..k 34..(k+1) m-k+1)(n-k+2).(n—-1) (n—-k+2)(n—-k+2).n
1 1

1.2.3..(k - 1) n-k+2)(n—-k+2)..n

Suyrap [123 .(k—-1) N (n - k+2)(n k+2). n] (k 1)

2. D€ giai dwoc bai todn nay ching ta stt dung phwong phap “lam trdi” bang
viéc danh gia mau s6: 22 > 1.2; 32> 2.3; ...; 20232 > 2022.2023.

. 101 1 1 101 1 1
DodoP= +=+=+..+ —t—t—
22 32 42 20232 12 23 34 2022.2023
11 1 1 1
Theo phén a. th1—+—+—+...+—= 1—-— suyraP<1l—-— =
12 23 34 2022.2023 2023 2023

P < 1. Bai toan dwoc chirng minh.
Loi binh:

Chiing ta hdy bat ddu tir nhirng diéu don gidn, khi tim hiéu mot bai todn thdt
cdn ké ciing nhw tim nhiéu cdch gidi, tiép cdn bai todn tir nhiéu hwdéng dé cé
thé nh¢ ldu. Bai todn don gidn nhwng déi khi ban sé gdp lai chiing & nhitng
Iop cao hon, vi du mét bai todn vé ddy sé trong ky thi HSG Iép 11 - Tinh Vinh
Phtic(hé khong chuyén) nam 2011-2012:

Cho ddy s {un} dwoc xdc dinh béi u; =

n > 2. Chitng minh rdng ddy s6 {u} dwoc xdc dinh nhw trén la mot déy sé bi
chan.

Ddy la bai todn twdng chirng nhw phirc tap nhwng néu dé y mét chiit va dp
dung phwong phdp lam tréi nhw trén thi thdt don gidn chi ra - 2 < u, < 2.
Chiing ta sé gdp lai trong chwong ddy s6 & quyén sau.
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Bai toan 4:
Cho p, q la cac s6 nguyén dwong thoa mén:
p_q-_1,1_1 1 . 1

q 2 3 4 77 1318 1319°
Chirng minh rang p chia hét cho 1979.

[Dé thi IMO ldn thir 21 tai England - nam 1979]

Loi giéi:
o 1 1 1 1 1 1 1 1 1 1
DatA=1—-+-—-+.. ———+—=(1+ -+ + -+ . +—+—) —
: 2 3 4 1318 1319 2 3 4 1318 1319
1 1 1 1 1 1 1 1 1 1 1
2(=+ -+ +—)=(1+=+=-+ -+ +—+—) - (1 + =+ + =+ .. +
2 4 1318 2 3 4 1318 1319 2 3 4
1 1 1 1 1 1 1 1 1 1 1
—)=—+t —+ . t—tFt— = (—+—)+ (—+—)+ ..+ (—=+—)
659° 660 661 1318 1319 660 1319 661 1318 989 990
_ 1979 N 1979 - 1979 1979.M
"~ 660.1319 661.1318 989.990 660.661...1318.1319

Vi 1979 la s6 nguyén t6 va 1979 > 1319 nén nd nguyén t6 cung nhau véi tat

ca cac s6 660; 661; ...; 1319. Nghia la sau khi rat gon ta chi cé thé dwa vé

197n9-m trong d6 (m; n) =1 va (n; 1979) = 1. Suy ra

phan s6 t6i gian dang A =

pn
1979

=qm € N = p: 1979. Bai toan dwoc chirng minh.
Po6i diéu chia sé:

IMO 1979 la ki thi Olympic Todn hoc qudc té ldn thiv 21, dién ra & London,
Anh quéc. Lé Bd Khdnh Trinh la thi sinh duy nhdt ctia Viét Nam(cho dén nay)
gianh gidi ddc biét trong mét ki thi Olympic Todn hoc quéc té IMO. Ong ciing
dwoc ménh danh la "cdu bé vang cua todn hoc Viét Nam",

Bai toan 5:

o v 1 1 1 . 1 1
a.Cho 2 bieuthtcA= —+ — + ... + vaiB=—+ — + ...+
1101  2.102 10.110 111 212
1 , L A
. Tinh —.
100.110 B .
=N ’ X+ N 7 ~ A ~ A =7 = \ ~
b. Cho biéu thirc S = = T Tim cac s6 nguyén x dé A nhan gia tri la s
X —
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nguyeén.

[Dé thi Olympic lép7 qudn Hoang Mai - Ha N6i 2018 - 2019]

Loi giai:

a. Nhin biéu thitc B phitc tap va nhiéu s6 hang hon, dé y rang 11 — 1 = 10;
12 — 2 = 10;... nén ta sé bién d6i n6(kinh nghiém la xtr ly dé dwa dang phirc
tap vé don gian s& dé hon lam ngwoc lai) bang cach nhan ca 2 vé cia B véi
10 va bién déi nhw sau:

1 1 10 10 10 1 1
10B = 10(— — + ..+ ) = + + ..+ =1——+-—
111 212 100.110 7 111 2.12 100.110 1 2
1 1 1 1 1
—+-— —+ . t—— —
12 3 13 100 110
1 1 1 1 1 1, 1 1 1 1
=(l+=+4+ -+ —)-(=+ =+ +—)=[1l+-+ -+ . +—+ (= +—+
2 3 100° ‘1 @ 12 110 2 3 10 “11 12
1 1 1 1 1 1 1 1
=)=+ =+t +=)+—+..+—]=(1+= +—+..+———
100)] [ (11 12 100) 101 110] ( 2 10) (101
1 100 100
+——t L — ——)+(-— — —— —)=—+—+
102 110) (1 101) ( 102) ( 110) 1101  2.102
100 1
= (—+—+ ... ) = 100A
10.110 1101  2.102 " To110
SuyraZ =
yrag=1o
b. Dé chat ché ta lam nhw sau:
Piéu kién can:
.o o X(xX + 4 x%+4x _ x*+ 1+ 4x-1 4x—1
Glast: ( )EZhy = =1- € Z suy
2+1 x2+1 X2 +1
4x
ra— € Z.
X“+1
o ’ ~ . Xt+4 4(x+4 4x + 16
Mat khac cling tw €72V eg € Z.
: X2 +1 X2 +1 X2 +1
« 3. 4xX+16  4x-1 17 : . n (o
T dé: — = €Z=>17:(x2+1).Vix?+1 >0 nén ta xét cac
X2 +1 x2+1 x2+1

trueong hop:
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- Truonghop 1: x2+1=1=x=0.

- Trwonghop 1: x2+1=17=>x=1 4.

Piéu kién du:

Thr truec ti€p cac gia tri da tim dwoc ta thdy x € {—4; 0) thoa man yéu cau
bai ra.

Loi binh:

Hoc sinh chii y khi lam cdc bai tdp lién quan dén gid tri nguyén ctia biéu thikc,
néu trong qud trinh bién déi c6 nhdn véi nhdn tir nao dé dé thudn lgi cho viéc

tinh todn, suy dién thi sau khi tim dwoc gid tri x,y,m,n...ta phdi tién hanh thir
lai(diéu kién di) roi méi két ludn.

B&ivinA € Znhung chira chic A € Z. Vidu 4.~ = 2 € Znhung 5 ¢ Z!

Bai toan 6:
Cho A la tong cac phan sé viét theo quy luit:
A= 2009 + 2008 2007 3 2 1

+ + ...+ + +
2 22 23 22007 22008 22009

Hay chirng t6 rang: 2008 < A < 2009.

[Dé thi Olympic I6p 6 qudn Hoang Mai - Ha Ni 2008 - 2009]

Loi giai:

Ta thélyA = 2 + 22(2)8 + 2227 * . 22?07 + 22?)08 + 22109

Suy ra ZA = 2009 + Zozﬁ + 22(2)7 22i06 + 22§07 + 22i08

Trir theo vé ta dwoc: 2A - A= (2009 + g + 2(2)27 2;06 + 22507 + Zzios) _

(20209 + 2228 + 2227 + ..+ Zziw + 22?)08 + zziog) = 2009 - (% + ziz + 2—13 tot o
1 1

+ 22008 22009)'
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1 1 1 1
Dé nhén thay tat et et o Y omees t 22009 >0=A<2009.
1 1 1 1 1 1
Ta s€ chirng minh B == St 52t 55t t 2007 + 2008 T 2008 < 1
Thatvay, 2B=1+==+—+— ——+——=2B-B=1- =>B=1
3 .Y’ 2 2 2 22007 2008 2009
- 22009 <1=A>2008.
bén day bai todn dwoc chirng minh.
Bai toan 7:
. [N 102020 +1 | 102021 +1
a. So sanh cac so sau: 202 VA T g
. \  pe 2020 | 2021 2022 2020 + 2021+ 2022
b. So sanh P va Q biét: P = + vaQ-=
2021 | 2022 | 2023 2021+ 2022 + 2023

c. Cho biéu thtrc S = =~~

135 447 449
.———. So sanhAva—
2'4°6"" 448450

[Dé thi chon ddi tuyén hoc sinh giéi Todn lop 6]

Lo giai:

V&i cac dang bai tip thé nay ching ta khong thé st dung phwong phap quy
dong phan sd. Thwong sé dung cach 1am trdi hoac sir dung bat dang thitc

phan so...
102021 1 R , ” ,
a. Dé dang nhan thiy PP 1, str dung bat dang thirc phan s6 ta duoc:
102021 +1 102921 + 149 _ 102921 + 10 _ 10(10%02%+ 1)
102022 41 102022 4 149 102922410  10(102021+ 1)
.  / 2020 2020 2021 2021 .
b. Ta danh gia nhw sau: ; > va
2021 2021+ 2022 +2023" 2022 2021+ 2022 + 2023
2022 2022 2020 2021 = 2022 2020
suy ra
2023~ 2021+ 2022 + 2023 2021 2022 2023 2021+ 2022 + 2023
2021 2022 2020 + 2021+ 2022
= hay P > Q.
2021+ 2022 + 2023 2021+ 2022 + 2023 2021+ 2022 + 2023
135 447449 _357 449 1

c. Ta viét lai biéu thirc nhw sau S = =.--
2'4°6""448'450

2’4’6 4-4-8 4-50
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3,341 _45_6 449 _ 450
St dung bat dang thirc phan s:=> =— = —;=>-
27 241 325 448~ 449
46 450
suyraS>-.-...—.—
3'5 ""449 " 450
46 450 357 449 1 46 450 1 1
2 22 - 222 X Sy 2l PO L o
=82>S(=-..—. )—( ).(==.. ) =
3'5 ""'449 " 450 2'4'6""448'4507 "+ 3" 5 """449 "450° 900

1 N\ 7 4 -
=S> v Bai toan dwoc chirng minh.

Bai toan 8:
Hay tinh gia tri cic biéu thirc sau:

20222021 2021 151515 17° 1500 1616
a.S= — + 1) + — — -1
2020 + 20212020 2020 161616 1710 1600 1717

R | G A ety

Loi giai:

Thong thwong khi gdp mot bai dang tinh toan, hoc sinh thwong lam theo
quy tic thong thwdng va theo thi tw wu tién: tir trdi qua phai, trong ngodc,
nhan chia, cOng trir... Tuy nhién c6 nhirng biéu thirc qua phirc tap, s6 1on va
cling khong thé rut gon hay quy doéng, khai can thi ching ta phai quan sat
rong ra, d€ y tdng thé ctia bai todn xem c6 chira thira s ndo ma dé dang
tinh dwoc gia tri ctia n6 bang 0 hay khong.

a. Biéu thirc trong ngodc thir nhit rat khoé tinh toan, ta dé y biéu thirc thi 2:

(151515+ 179)_(@_ @)_ 1 = (1_5+i)_(1_5_ E)— 1 = 0. Nhu

161616 = 1710 1600 1717 16 = 17 16 17
vay S=0.

k
b. S6 hang tong quat thir k cia P c6 dang px = :? — 81 tuy c6 quy luat
nhwng khéng thé bién do6i dworc, vay ta thir tim xem trong cac thira s6 cia P
c6 thira s6 nao bang 0 hay khéng.

6

D& dang nhan thdy ps = —— — 81 = 34- 81 = 0. Vay chéc chin P = 0.
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Bai toan 9:
. 1 1 1 1 1 1
Cho 2 biéuthttcA= -+ -+ -+ - +..+ — + — va
2 3 4 5 2022 2023
2022 2021 2020 2019 3 2 1
B= + + + + ... + + :
1 2 3 4 2020 2021 2022
[Dé thi chon ddi tuyén hoc sinh giéi Todn lop 6]
Loi giai:

bé lam cac bai toan dang nay ching ta thwong tim cach bién doéi tong phirc
tap hon. V&i nhan xét rang: téng tir s6 va mau sd clia cac phan sd trong B
luén bang 2023 khong d6i nén ta sé tach 2022 thanh téng 2022 sd 1 va

ghép v&i 2021 phan so khac, s6 1 con lai viét thanh % :
_ 2022 2021 2020 2019 3 2 1 2021
+ + + ...+ + + = ( +1 ) +
2 3 4 2020 2021 2022 2
(@H) (B2 + 1)+ r (ot 1)+ (o +1)+ (g +1)+1
4 2020 2021 2022
_2023 2023 2023 2023 2023_2023( ST S
2 3 2021 2022 2023 2 3 4 5
— + — )=2023A.
2022 2023
A1
Suy ra Py
BAI TAP TU GIAI

Bai 1. [Dé thi Olympic Iép 6 qudn Hoang Mai - Ha Ni 2016 - 2017]

. PR . Ar f e 1
Tinh gia tri biéu thirc sau mét cach hop ly S = (1 + 1+2) (1+ 1+2+3) (1+
1 1
1+2+3+4)"" (1+1+2+3+...+997)
1 1 1

Bai 2. Cho biéuthircS=1 +

+ +.. .
1+3 1+3+5 1+3+5+..+2023
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Chirng minh rang S < Z.
Bai 3./Dé thi chon HSG todn lop 8]
a. Tinh tong sau mét cach hop ly:

S=20232+20212+ ... +32+1- (20222 + 20182 + ... + 42 + 22)

2018! 2018! 2018! | 2018!
+ + ..+
2017 = 2018

b. Cho E = 2018! +
hét cho 20109.

. Chirng minh rang E chia

Bai 4. [Pé thi Olympic Iop 6 qudn Hoang Mai - Ha Noi 2017 - 2018]
a. Khong tinh gid tri biéu thirc, hiy so sanh A va B biét:

22 11 20 18 14 4 22 18
A==+ -+ 4+=vaB=—+-+=+—
27 17 39 43 39 7 29 41

b. Tinh gia tri bi€u thirc sau mot cach hop ly:

3 3 3 3 3
M = 4+§+;+...+£+;+$
- 1 1 1 1 1 1

199 397 595 " 955 973 991

Bai 5. [Dé thi Olympic I&p 6 qudn Hoang Mai - Ha N§i 2018 - 2019]

Tinh gia tri biéu thirc sau mot cach hop ly:

1 1 1 1 1 1
St—+—+ ..+ +
N = 2 12 30 9120 9506 9900
“go_50_51_52_ 97 _98_ 99
51 52 53 98 99 100

(con tiép)

Lép chuyén Toan thiy So
Lién hé: 093.464.1088
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TAI LIEU THAM KHAO

1. X. V. Conhiagin, G. A. Ténoian, 1. F. Sarwghin: Cac dé thi vo dich toan cta
cac nwée (Nguyén DE, Nguyén Khanh Nguyén dich tir tiéng Nga), Nha xuat
ban Hai Phong, 1993.

2. Dé thi HSG cac cap cua cac quin(huyén), tinh(thanh pho) trén ca nuwéec,
dé thi VMO, IMO.

3. Tap chi Toan hoc va Tuéi tré.
4. Cac chuyén dé SEMINAR Héi todn hoc Ha Noi.

5. Cac website vé Toan hoc trong nwéc va nwéc ngoai.
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